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ABSTRACT
A pseudo-Hamiltonian in c lud ing  loca l  and nonlocal  pseudo­
p o t e n t i a l s  and a p s e u d o - s p in -o r b i t  i n t e r a c t i o n  has been determined 
fo r  GaSb. The lb  parameters  o f  t h i s  pseudo-Hamiltonian are 
s e l e c t e d  e m p i r i c a l l y .  The lowest  8 energy l e v e l s  and wave func t ions  
a re  c a l c u l a t e d  a t  1505 po in ts  in  the 1/bQ o f  the  B r i l l o u i n  zone. This  
c a l c u l a t i o n  has reasonab ly  reproduced most o f  the b a s ic  f e a tu r e s  
o f  the  energy band s t r u c t u r e ,  inc lud ing  the  s p i n - o r b i t  s p l i t t i n g s  
o f  the va lence  bands, which a re  wel l  e s t a b l i s h e d  fo r  GaSb.
A d e t a i l e d  a n a ly s i s  o f  th e  energy band shape near  k=0 i s  
per formed.  The a n i so t ro p y  and dependence on c a r r i e r  co n c e n t r a t io n  
o f  th e  e f f e c t i v e  masses near  lt=Q are  c a l c u l a t e d  fo r  th e  conduct ion 
band, l i g h t  ho le  band, heavy ho le  band, and s p l i t - o f f  valence band.
A c a l c u l a t i o n  o f  the  imaginary p a r t  o f  the  d i e l e c t r i c  co n s ta n t  i s  
performed in the  energy range from 0 to 6 eV and the  r e a l  p a r t  of  
the d i e l e c t r i c  c o n s ta n t  and the  r e f l e c t i v i t y  a re  ob ta in ed  using the 
Kramers-Kronig r e l a t i o n .  The c a l c u l a t e d  r e f l e c t i v i t y  i s  in good 
agreement with exper iment .  The p re ssu re  dependence o f  the  band _ ,
s t r u c t u r e  i s  d iscussed  and th e  p re ssu re  c o e f f i c i e n t s  o f  c e r t a i n  
energy l e v e l s  a re  c a l c u l a t e d ,  the  r e s u l t s  a l so  being in  s a t i s f a c t o r y  
agreement ‘with  exper im en t .
CHAPTER 1 
INTRODUCTION
E le c t r o n ic  energy band theory ,  which i s  based upon s in g le  
p a r t i c l e  approximation and B loch 's  theorem, has been very su ccess fu l  
in e x p la in in g  much o f  the  im portan t  e l e c t r o n i c  behavior  in the s o l i d  
s t a t e .  However, many of  the  a t tempts  to c a l c u l a t e  the  energy band 
s t r u c t u r e  fo r  a c t u a l  m a t e r i a l s  s t r i c t l y  from f i r s t - p r i n c i p l e s  have 
no t  been s u c c e s s fu l  in  producing r e s u l t s  with  an accuracy comparable 
to  t h a t  of  a v a i l a b l e  exper im enta l  d a t a .  This  f a i l u r e  can be 
a sc r ib e d  mainly to  our  in a c c u r a t e  knowledge o f  the c r y s t a l l i n e  
p o t e n t i a l s  and the  lack o f  a p r a c t i c a l  method o f  s o lu t i o n ,  r a th e r  
than to  the inadequacy o f  th e  energy band theory  i t s e l f .
In th e se  c i rcum stances ,  we can proceed by using a sem i-em pir ica l  
approach in energy band c a l c u l a t i o n s ,  i n c o r p o ra t in g  some well  
e s t a b l i s h e d  exper im enta l  in form at ion  a t  c e r t a i n  s t a g e s .  In t h i s  
approach, we a c t u a l l y  r e p la ce  some p rocesses  which r e q u i r e  a g r e a t  
amount o f  computat ional  e f f o r t  by some parameters  which can be 
c o nven ien t ly  o b ta in e d  from exper imenta l  in fo rm a t io n .  By doing t h i s ,  
we can a l so  avoid the  d i f f i c u l t y  of  f in d in g  the a c tu a l  c r y s t a l l i n e  
p o t e n t i a l .
In p r a c t i c e ,  t h e r e  are  c e r t a i n  im portan t  c r i t e r i a  fo r  de termining  
the v a l i d i t y  o f  th ese  sem i-em pir ica l  energy band c a l c u l a t i o n s .  In 
the  f i r s t  p la c e ,  the  t h e o r e t i c a l  framework in  which the  parametr ized  
q u a n t i t i e s  appear should be reasonably  J u s t i f i e d .  This  framework
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should  be capable  o f  producing the  same r e s u l t s  in a c e r t a i n  range 
as  the more fundamental formalism would be expected to do; and i t  
should  be s imple enough so t h a t  i t  can be u se fu l  in  p r a c t i c a l  
computat ion.  The range o f  the v a l i d i t y  o f  the c a l c u l a t e d  r e s u l t s  
depends mainly on the v a l i d i t y  o f  the  t h e o r e t i c a l  framework. In 
the  second p la c e ,  the exper im enta l  s i t u a t i o n  should  be t r a n s p a r e n t  
enough to p rov ide  some o f  the  v i t a l  exper imenta l  in formation  
unambigously and w i thou t  much exper imenta l  u n c e r t a i n t y .  Since the 
exper im en ta l  in fo rm at ion  holds  a key r o l e  in  t h i s  approach, 
numerical accuracy  o f  the  c a l c u l a t e d  values  i s  d i r e c t l y  r e l a t e d  to  
t h a t  of  the  employed exper im en ta l  d a t a .
One o f  the  most s u c c e s s fu l  and widely used schemes o f  t h i s  
semi^empir ica l  approach i s  the  e m p i r ic a l  p seu d o p o te n t ia l  method. 
This  p a r t i c u l a r  procedure i s  both wel l  e s t a b l i s h e d  t h e o r e t i c a l l y ,  
and s imple t o  apply in  a c a l c u l a t i o n .
The e m p i r ic a l  p seu d o p o te n t ia l  scheme has been adopted in  the  
p r e s e n t  work, which has been under taken in o rd e r  to  perform a 
t h e o r e t i c a l  i n v e s t i g a t i o n  on a semiconducting compound gal l ium 
antimonide (GaSb). The pseudo-Hamiltonian used i s  non loca l ,  and 
inc ludes  s p i n - o r b i t  i n t e r a c t i o n .  This  i n v e s t i g a t i o n  a l so  provides  
a v e r i f i c a t i o n  o f  the  a b i l i t y  o f  the e m p i r i c a l  p seu d o p o te n t ia l  
approach to  g ive  a reasonably  p r e c i s e  f i t  t o  the  band s t r u c t u r e  
which has been c a r e f u l l y  i n v e s t i g a t e d  expe r im en ta l ly .
A c o n s id e ra b le  amount o f  in form at ion  concerning the  energy 
band s t r u c t u r e  o f  GaSb has been ob ta in ed  from var ious  exper imenta l  
i n v e s t i g a t i o n s .  A comprehensive d e s c r i p t i o n  o f  the  a v a i l a b l e
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e x p e r im en ta l  in fo rm a t io n  has been given by Kosicki  (1967)* Among 
th e  c h a r a c t e r i s t i c  f e a t u r e s  of  th e  band s t r u c t u r e  o f  t h i s  m a t e r i a l ,  
the  small  energy  l e v e l  s e p a r a t i o n s  between th e  lowest  conduct ion  
band minimum a t  [ 000] and the  s u b s i d i a r y  minima in  [ 111] and 
[ 100] d i r e c t i o n s  o f  th e  conduct ion  band a r e  o f  i n t e r e s t ,  e s p e c i a l l y  
in  th e  i n t e r p r e t a t i o n  o f  th e  p r o p e r t i e s  o f  the  doped samples under 
h igh  p r e s s u re  (Kosicki  e t  a l . ,  1966a ,  Kosicki  e t  a l . ,  1966b ) .  The 
most v a lu a b le  ex p e r im en ta l  in fo rm a t io n  f o r  th e  p r e s e n t  c a l c u l a t i o n s  
i s  o b ta in e d  mainly from o p t i c a l  measurements,  such as a b so rp t io n  
s p e c t r a  and r e f l e c t i v i t y  s p e c t r a .
We w i l l  review b r i e f l y  some o f  the  p rev ious  band c a l c u l a t i o n s  
f o r  GaSb. The band s t r u c t u r e  o f  GaSb was f i r s t  c a l c u l a t e d  by 
Cohen and B e r g s t r e s s e r  ( I 966) us ing  a l o c a l  p s e u d o p o t e n t i a l .  However, 
t h e i r  work i s  no t  co m ple te ly  s a t i s f a c t o r y  in t h a t  some im por tan t  
c h a r a c t e r i s t i c s  o f  the  band s t r u c t u r e  a re  no t  a c c u r a t e l y  rep roduced .
In p a r t i c u l a r ,  the  c a l c u l a t e d  energy  l e v e l  s e p a r a t i o n s  between the  
t h r e e  conduct ion  band minima a r e  too l a rg e  compared with  the  
e x p e r im e n ta l ly  measured v a lu e s ,  i n  a p r e l im in a ry  c a l c u l a t i o n ,  we 
in t ro d u ce d  a non loca l  p s e u d o p o te n t i a l  and o b ta in e d  s u b s t a n t i a l  
improvement w i th  rega rd  to  the  lowes t  conduct ion  band (Zhang and 
Callaway, I 968) . In both the  above c a l c u l a t i o n s ,  the  s p i n - o r b i t  
i n t e r a c t i o n  was n o t  in c lu d e d .
R ecen t ly ,  Herman e t  a l .  (1968) c a l c u l a t e d  energy  band s t r u c t u r e  
f o r  a l a r g e  number o f  semiconductors  u s ing  the  e m p i r i c a l l y  a d ju s te d  
OPW method. In o rd e r  t o  improve the  r e s u l t s  o f  an o rd in a ry  OPW band 
c a l c u l a t i o n  s t a r t i n g  w i th  some p h y s i c a l l y  r e a l i s t i c  t r i a l  c r y s t a l
p o t e n t i a l ,  they employed th re e  e m p i r i c a l l y  a d ju s t a b l e  parameters .
One parameter  corresponds to  one o f  the loca l  pseudopo ten t ia l  
parameters  and the  o th e r  two are  r e l a t e d  to  the  core  energy lev e l s  
o f  the anion and c a t io n  fo r  I I I -V compounds. Values o f  the  th re e  
parameters  a re  chosen to make some o f  the  c a l c u l a t e d  leve l  
s e p a ra t io n s  agree with  exper im ent .  For GaSb, they  ob ta ined  the  
proper  shape fo r  the  lowest conduction band, which provided the  main 
c r i t e r i a  fo r  t h e i r  s e l e c t i o n  o f  the pa ram eters .  Another band 
s t r u c t u r e  c a l c u l a t i o n  f o r  GaSb has been performed by Higginbotham 
e t  a l .  (1968). In t h e i r  c a l c u l a t i o n  the  p o t e n t i a l  m a t r ix  elements 
a t  jo=0 were s e l e c t e d  e m p i r i c a l l y  and then  the  method was 
employed to  c a l c u l a t e  the  energy bands throughout  the  whole 
B r i l l o u i n  zone.
The r e s u l t s  of  the  p r e s e n t  c a l c u l a t i o n  agree  s u b s t a n t i a l l y  with  
the  above two c a l c u l a t i o n s  in  the reg ion  between the  lowest  
conduction band and the  va lence  bands. However, th e r e  a re  some 
q u a n t i t a t i v e  d isagreements  in regard  t o  the  h ig h e s t  va lence  band 
and the  second lowest  conduction band. A more d e t a i l e d  comparison 
o f  r e s u l t s  w i l l  be found in  Chapter IV.
In Chapter I I ,  the  theo ry  o f  p seu d o p o te n t ia l  i s  reviewed.  A 
pseudo-Hamiltonian, which inc ludes  nonlocal  pseudopontia l  and 
s p i n - o r b i t  i n t e r a c t i o n  i s  der ived  f o r  the  purpose o f  making 
e m p i r ic a l  energy band c a l c u l a t i o n s .
In Chapter I I I ,  t h i s  pseudo-Hamiltonian i s  reduced to  a 
parameterized  form. On the  bas is  o f  p lane wave s t a t e s ,  the  t y p i c a l  
m atr ix  elements  fo r  the  lo c a l  p s e u d o p o te n t ia l ,  the nonlocal
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p s e u d o p o te n t i a l  and the  p s e u d o - s p i n - o r b i t  i n t e r a c t i o n  a r e  g iven  
e x p l i c i t l y .
In Chapter IV, we d e s c r ib e  the  p rocedure  o f  de te rm in ing  the 
pseudo-Hamil tonian param eters  us ing  th e  a v a i l a b l e  exper im en ta l  
in fo rm a t io n  co ncern ing  th e  energy bands o f  GaSb. The main f e a t u r e s  
o f  c a l c u l a t e d  energy  band s t r u c t u r e  a r e  g iven and compared with  
ex p e r im en t .  A comparison with  o t h e r  c a l c u l a t i o n s  i s  a l s o  made.
In Chapter  V, a d e t a i l e d  a n a l y s i s  o f  the  energy  band shape 
near  Jc=0 i s  performed.  The c a r r i e r  c o n c e n t r a t i o n  dependency and 
the  a n i s o t r o p y  o f  th e  e f f e c t i v e  masses near  jj<=0 a r e  c a l c u a t e d  fo r  
the  conduct ion  band, l i g h t  h o le  band, heavy h o le  band, and s p l i t - o f f  
band.
In Chapter  VI, the  imaginary  p a r t  o f  the  d i e l e c t r i c  c o n s ta n t  i s  
c a l c u l a t e d  and th e  r e a l  p a r t  o f  th e  d i e l e c t r i c  c o n s t a n t  i s  ob ta in ed  
by Kramers-Kronig r e l a t i o n s .  Using t h i s  d i e l e c t r i c  c o n s t a n t ,  the 
r e f l e c t i v i t y  i s  c a l c u l a t e d .
In Chapter  VI I ,  the  p r e s s u r e  dependence o f  th e  band s t r u c t u r e  
i s  d i s c u s s e d  and th e  p r e s s u r e  c o e f f i c i e n t s  o f  c e r t a i n  energy  bands 
a re  c a l c u l a t e d .
In the  l a s t  Chap te r ,  a b r i e f  d i s c u s s io n  o f  th e  r e s u l t s  and 
c o n c lu s io n s  i s  made f o r  t h e  p r e s e n t  i n v e s t i g a t i o n .
CHAPTER II
THEORY OF THE PSEUDO-HAMILTONIAN
The p seu d o p o te n t ia l  method was f i r s t  in t roduced  by P h i l l i p s  
and Kleinman (1959) . This  method was based upon the o r th o g o n a l iz e d -  
plane-wave (OPW) method o f  Herring (19^0).  P h i l l i p s  and Kleinman 
noted t h a t  the  o r th o g o n a l i z a t i o n  procedure  o f  the  OPW method 
produced the same e f f e c t  as a r e p u l s iv e  p o t e n t i a l  added to  the  t r u e  
c r y s t a l  p o t e n t i a l .  Cohen and Heine (1961) subsequen t ly  made a 
d e t a i l e d  a n a l y s i s  o f  t h i s  r e p u l s iv e  c h a r a c t e r  and demonstrated t h a t  
a s u b s t a n t i a l  p a r t  o f  the t r u e  p o t e n t i a l  i s  c a n c e l le d  w i th in  the 
core  r eg io n .  More r e c e n t ly ,  the  s p i n - o r b i t  i n t e r a c t i o n  has been 
in co rp o ra ted  i n t o  the  p seu d o p o te n t ia l  scheme by Weisz (1966) and a 
genera l  form o f  the  pseudo-Hamiltonian in c lud ing  nonloca l  terms 
and s p x n -o r b i t  i n t e r a c t i o n  has been used by S ta rk  and F a l ico v  (19&7) 
fo r  the c a l c u l a t i o n  o f  the  band s t r u c t u r e  o f  Zn and Cd.
In t h i s  Chpater ,  we w i l l  de r iv e  a form o f  th e  pseudo-Hamiltonian 
inc lud ing  s p i n - o r b i t  i n t e r a c t i o n ,  which w i l l  be convenien t  fo r  the  
e m p i r ic a l  energy  band c a l c u l a t i o n .
The e l e c t r o n i c  s t a t e s  in the  c r y s t a l  in c lud ing  sp in  v a r i a b l e s  
a re  determined by the Schrodinger  equa t ion
[ H °  + Hl 3 | £ „ >  =  E „ I 4 „ > (2 . 1)
with
+  V c j )
e
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Here £  i s  the  momentum o p e r a to r ,  V(r) i s  the  c r y s t a l  p o t e n t i a l  and 
cr i s  the  Pau l i  sp in  o p e r a t o r .  In the s o l i d  s t a t e ,  we are  not  
i n t e r e s t e d  in  the  s o lu t io n s  corresponding  to the atmoic core s t a t e s .  
However, l e t  us cons ide r  a s e t  of. core  e i g e n s t a t e s  o f  (2 .1 ) ,
( | ^  > ,  t 3 l , 2 , . . . ,  M} , which s a t i s f y
C H-+ H‘ l  1 4 *  > =  U  \% t  > (2.2)
where M i s  the number o f  core  s t a t e s  in  the given c r y s t a l .  Let 
us def ine  o p e r a to r s  P and Q, as
Pt  *  I t *  > < & * ! ■  , ( 2 ' 3)
Q  - X
* • '  (2 A)
I cwhere g t  i s  a c o n s ta n t  a s s o c i a t e d  with  s t a t e  |Yt  >, and cons ide r  
th e  s o lu t i o n s  o f  the  equa t ion
[  H°+ H5-* Q) l §  > “  E | §  > (2.5)
We can r e p re s e n t  the  e ig e n fu n c t io n  > as
1 §  >  =  2  I 4 *  > +  L  f i n  1 '3 r„  >  (2 .6 )
v» * » 1
where the s t a t e s  | y > a re  the  s o lu t i o n s  o f  (2.1) which do not  
correspond to  co re  s t a t e s .  We s u b s t i t u t e  | $  > in (2 .5)  by (2 .6)  
and ob ta in
8
Z  ( E ^ - E  + > +  X  ( E n - E ) 6 A | ' l 3 ^ > » 0  (2.7)
t e l  1 » ' l  '
o r
( E n - E ) ^ n  =  0  - [ o r  c  (2<8)
(2 .9 )
C E t - E  +  ^ ) ^ « o
• f o r  t * i j  -  - j  M
From (2 .8 )  and (2 ,9 )  we o bse rve  th e  fo l lo w in g  r e s u l t s :
(1) t f  f o r  a p a r t i c u l a r  n.  3 ^ 0 ,  then  E «* E and 8 1 = 0n . n n
where n* i s  d i f f e r e n t  from n*
(2) I f  a t  4  0 f o r  a p a r t i c u l a r  t  , g t  “  E -  E^
T h e re fo re ,  i f  we s o lv e  (2 .5 )  with
Q -  I  U - E | ) |  ¥ £ > < * * «  | (2.io)
t - 1
we o b ta in  the  same s e t  o f  e ig e n v a lu e s  as we would o b ta in  from ( 2 , 1 ) .
I t  i s  conven ien t  to  s e p a r a t e  t h e  o p e r a t o r  Q. i n t o  two p a r t s  in  
the  fo l lo w in g  f a s h i o n ,
0 . = £  ( E P * - i  Ekc ? t - i  P* E H
M ( 2 . U )
= 2  C E P t - i C H ' P t + P t H ^ - i i H ^ t  +  P f c H 5 ) ]
^
and we can r e w r i t e  (2 ,5)  as
9
[ —  +  V p + H p S ' ) l § > > = E l § >>  (2.12)
with
M
V p = V ( X ) - v 2  t E P* “ i  CH°Pt + P* H0)"} (2.13)
* = i
M
H fs = H s - i I  ( H SP* + ? * H S)  (2.i4)
i « i
We note t h a t  (2.12) has the form of  a wave equ a t io n  c o n ta in in g  a 
changed p o t e n t i a l  (nonloca l )  and changed s p i n - o r b i t  i n t e r a c t i o n  but 
s t i l l  y i e l d s  the  same s e t  o f  e igenva lues  as the  o r i g i n a l  wave 
equa t ion  ( 2 . 1 ) .  We w i l l  c a l l  and the  p seu d o p o te n t ia l  and 
p s e u d o - s p in -o r b i t  i n t e r a c t i o n ,  r e s p e c t i v e l y .  The main advantage 
in  so lv ing  (2.12) r a t h e r  than (2 .1)  l i e s  in the  f a c t  t h a t  the
g
s u b s t a n t i a l  p a r t s  o f  V(jr) and H in the  core region a re  can ce l led
o u t  by the  terms c o n ta in in g  P^, and th e r e f o r e  the  equa t ion  can
reasonably  be r ep re s e n te d  on the bas is  o f  a p r a c t i c a l l y  manageable
number o f  p lane wave s t a t e s .  The c a n c e l l a t i o n  p roper ty  o f  V can
P
be demonstrated in a manner s i m i l a r  to  the  d i scu s s io n  by Cohen and 
H e in e (1 9 6 l ) .  A d i s c u s s io n  o f  the c a n c e l l a t i o n  in  i s  made in
r
Appendix B.
Up to  t h i s  p o in t ,  we did no t  make any approximation .  I f  we 
at tempt  t o  so lve  (2 .12)  a c c u r a t e ly ,  we need a s e t  o f  a c cu ra te  core
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s o lu t i o n s  j u s t  as we. need them in OPW method and we a l so  need an 
e s t im a te d  e igenva lue  E, which in  p r in c ip l e  should be determined 
s e l f  c o n s i s t a n t l y .  Ins tead o f  doing t h i s ,  we can pa ram etr ize  
and Hj! in the forms which would most l i k e l y  appear i f  we went
r
through a l l  the procedures  to  ev a lu a te  and Hp a c c u r a t e l y .  The
parameters  inc luded in  V and Hs then can be determined using
P P
exper imenta l  in fo rm a t io n s .  Following t h i s  a l t e r n a t i v e ,  we can avoid 
much o f  th e  computat ional  d i f f i c u l t i e s  encountered  in  the  d i r e c t  
c a l c u l a t i o n s ,  in Appendix D, we at tempted to  make a more gen e ra l  
argument fo r  the pseudo-Hamiltonian which would be u s e fu l  in the  
e m p i r ic a l  energy band c a l c u l a t i o n .
I t  i s  u su a l ly  convenient  t o  work with  s t a t e s  o f  d e f i n i t e  sp in
e igenva lue  S , T he re fo re  l e t  us cons ider  a s e t  o f  orthonormal
s t a t e s  { j Yj > , j ^ l , . . .* ® }  which s a t i s f y
HM  t i  > = Ej' W i  >
The s t a t e s  def ined t h i s  way correspond to  th e  s o lu t i o n s  ob ta ined  
w i thou t  inc lud ing  s p i n - o r b i t  i n t e r a c t i o n .  I f  we expand core  s t a t e s  
in to  t h i s  s e t  of  s t a t e s  as
fro
I £ ' > « I  c*j |tj-j >
*  5=1
i t  i s  expected t h a t  c  . & f o r  the case  in  which the  s p i n - o r b i tt j  t j
i n t e r a c t i o n  i s  no t  very s t r o n g .  And a l so
&O PQ
Pt  « I I c*3 1 1j >< 15'l
5 - 1  J
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would not  be much d i f f e r e n t  from |Yt  >  < ^ t |* *n t *ie fo l lowing 
argument,  we wi l l  rep lace  P by |y  > < Y^].assuming t h a t  the 
q u a l i t a t i v e  p r o p e r t i e s  o f  P would not  be changed much by t h i s  
rep lacem ent .
We now e s t im a te  the  nonlocal  c h a r a c t e r  o f  V a s s o c i a t e d  with
P
the o p e ra to r  |Yt  > < Y^l* The core  s t a t e  |Yt  > can, in a good 
approximation,  be expressed  as a l i n e a r  combinat ions of atomic 
o r b i t a l s  (LCAO):
% > - — 3y 6  Z e  ~  ~  U , L l r - W  (2.15)
C w O *  / *  ~
where £2 i s  the volume of  the  u n i t  c e l l  and LL(r-R ) i s  the 
atomic s t a t e  c e n te red  a t  the  atomic s i t e  Ft . A t y p i c a l  m atr ix  
element based upon the  p lane wave s t a t e s  w i l l  be
<fc+K;|Yt'><tfc|k+Ki>
where K. and K. a re  the  r e c ip ro c a l  l a t t i c e  vec to rs  and 
W IS I. L  ̂ S i 1 f  - U i . h  o  *
~ ~ 2 z  ~  ~ (2 . 16)
Cm) * J  / t
The j<“ dependence o f  the p seu d o p o ten t ia l  a r i s e s  from the f a c t o r  
e l)i*(jC. -  R ) .  The nonlocal  c h a r a c t e r  i s  more a p p rec iab le
fo r  atomic s t a t e s  which a re  more spread o u t .  We t h e r e f o r e  d iv id e
the p seu d o p o te n t ia l  i n to  two p a r t s ,  one lo c a l  and another  nonloca l :
VF = Vp° + Vp*
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where
V  I * * > < + *  I
r  fc
v p° =  Vp -  V p n
The summation in  runs on ly  over  the  s t a t e s  |Yfc > which
correspond to  the  l a s t  occupied core s h e l l s .  In t h i s  form o f
Vp , we assume t h a t  the  non loca l  c h a r a c t e r  o f  the p seu d o p o te n t ia l
i s  adequa te ly  re p re se n te d  by Vn t r e a t i n g  the  c o n s ta n ts  G. as
P ^
a d j u s t a b l e  pa ram ete rs .  The remaining p a r t  o f  V , which i s  denoted
P
by , w i l l  be regarded  as a lo c a l  o p e r a to r  and c a l l e d  as l o c a l
r
p s e u d o p o te n t i a l .
CHAPTER I 11 
PARAMERTERIZATION OF PSEUDO-HAMILTONI AN
The pseudo-Hamiltonian we have in t roduced  in Chapter  II can be 
w r i t t e n  as
In t h i s  Chapter,  the t y p i c a l  m a t r ix  elements  o f  the  pseudo- 
Hamiltonian  w i l l  be given on the b a s i s  o f  p lane wave s t a t e s  and a l l  
t h e ^ p o s s ib le  form f a c t o r s  w i l l  be param eter ized  in to  a most 
convenient  form fo r  the  purpose o f  c a l c u l a t i n g  band s t r u c t u r e .
The e x p ress io n  o f  the  k i n e t i c  energy term i s  t r i v i a l  in  the  plane
(3.1)
where
\i;  = V or) +  I  U -  EI > I t f c '><+* v- Z  I■t *  >< % I (3.2)
r t  t
(3 .3)
HPS = Hs -  (3a )
We have assumed t h a t  V° given in  (3 .2 )  can be approximated by a
P
lo c a l  o p e r a t o r .  The o p e ra to r s  and HS a re  n o n lo ca l .
Ik
wave r e p r e s e n t a t i o n .  The remaining t h r e e  terms in  (3-1)  w i l l  be 
con s id e red  in  the  fo l lo w in g  s e c t i o n s .
A. Local P se u d o p o te n t i a l
The l o c a l  p se u d o p o te n t i a l  g iven  in  (3 .2 )  can be expanded in  the  
F o u r ie r  s e r i e s
Here we t ak e  the  o r i g i n  o f  the  c o o r d in a t e s  t o  be hal fway between
two d i f f e r e n t  atoms, and th e  symmetr ic  and an t i sy m m et r ic  p a r t  o f
S Athe  s t r u c t u r e  f a c t o r  S (Kj) and S (K_.) a re
a being th e  l a t t i c e  p a ram e te r .  A g en e ra l  argument on the  s t r u c t u r e
S s c K j > =  ,  S A U j ) =  s i n K j . t
with
f a c t o r s  o f  z in c - b l e n d e  s t r u c t u r e  i s  g iven  in  Appendix A. The 
m a t r ix  e lem ent  o f  V° a t  a p o in t  i< in  the  B r i l l o u i n  zone i s  w r i t t e n  as
Cfe+K; IVp' | fe t  K; > =  $ s  t K) V s  1*0 + 1. S At K )  VA C K )  (3.6)
with
Being l o c a l ,  t h i s  m a t r ix  element i s  independent  o f  k .
We s e t  V^(K) = 0 and v \ j O  = 0 fo r  a l l  K excep t  those  f i v e  o f  the
s m a l le s t  magnitude, [000] ,  [111],  [200] ,  [220 ] ,  [311] .
S '  s
For convenience,  we r e p re s e n t  each o f  S (K), S (K), V (K), and
A 2 2V (K) with  the value o f  K in th e  u n i t  o f  (2-7r/a) a t  the  lower
c C
s u f f i x ,  f o r  example, V g r e p re s e n t s  V (K) f o r  K. of  [111] type .
a g A A SSince S' Q, S ^  and S g vanish ,  we do not  need to  have V Q, V ^
A Sand V g .  Also we a r b i t r a r i l y  put  V = 0 which would on ly  s h i f t
the  r e fe r e n c e  p o in t  o f  the  energy l e v e l s .  We have then s i x  lo c a l
S A Ap seu d o p o te n t ia l  parameters  to  determine ,  namely, V y  V y  V 
wS yS yA
V 8* u 11' v 11-
This l o c a l  p s e u d o p o te n t ia l  i s  i d e n t i c a l  in  form with  the  
p s e u d o p o te n t ia l  used by Cohen and B e r g s t r e s se s  (1966).  However, 
s in ce  we cons ide r  e x p l i c i t l y  the  nonlocal  p a r t  o f  the p seu d o p o te n t ia l  
a p a r t  from t h i s ,  t h e r e  i s  some d i f f e r e n c e  in  i t s  p h y s ica l  meaning.
The s ix  l o c a l  (p seu d o p o te n t ia l )  parameters  a r e  regarded as a d ju s t a b l e  
and w i l l  be determined e m p i r i c a l l y .
B. '  Nonlocal P se u d o p o ten t ia l
The nonloca l  p s eu d o p o te n t ia l  given by (3 .3 )  i s  expressed  in 
terms o f  t h e  c r y s t a l  co re  s t a t e s  >  which correspond to  the  l a s t
occupied co re  s h e l l s .  We make th e  t i g h t  b inding approximation fo r  
the  c r y s t a l  core  s t a t e s  and express  them as the  l i n e a r  combinations 
o f  atomic o r b i t a l s  g iven by ( 2 .1 5 ) .  In Appendix B, i t  i s  shown 
t h a t  the  non loca l  p s eu d o p o ten t ia l  ob ta ined  t h i s  way amounts to  the 
summation o f  the  atomic non loca l  p s e u d o p o te n t i a l .  The atomic s t a t e s  
o f  Ga and Sb in  the l a s t  occupied s h e l l s  correspond to  the
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c o n f ig u ra t io n s
3s2 , 3p^, 3d10, fo r  Ga,
•4s2 , 4 d ^ ,  fo r  Sb,
We w i l l  r e p re s e n t  any q u a n t i t y  a s s o c i a t e d  with Ga by a s u p e r s c r i p t  
I I I  and any one a s so c ia t e d  with  Sb by V. A ty p i c a l  m a t r ix  element  
o f  the  nonlocal  p s eu d o p o te n t ia l  on the  p lane wave b a s i s  w i l l  be
<fc +  K * l V f" l f c + J $ 5  > - j f c  ^
x< U f  | fe +  K j > +  < ^ 7 s \  Kj _ K; )<  fe+ K i | U j  >< u j  I fe + Kj
where £ denotes  the angular  momentum quantum number, and the 
s t r u c t u r e  f a c t o r s  a re  (Appendix A)
-  U K J - K O - T  v  - U K i - K O . T
s \ s - S O - e  ~  S  ( K j - K O - e
Expressing the  atomic s t a t e s  in the form
U a  ^ = Y i m c e , ? ) t o / r , u J < . r ) - Y i m ( 6 ,< ? )p * x w / r
where i s  s p h e r i c a l  harmonics and P ^ ( r ) and ( r )
a re  the  normalized r a d i a l  wave fu n c t io n s ,  we reduce the  m atr ix
element o f  V n to  the  form 
P
< * + JC1 1VF" I k  + b  > = £  PA c 6 * e-’) (■ w f  s £  (  k i  -  t o )
. ~  (3 .8)
> < B X c ^ ^ B X c k + S < ) ) + w X s \ ^ - K ; ) B y c f e  + K;)BXtfe+!Sp
where O' i s  the  angle between k + K. and j< + K. , P^(cos 0 ' )  i s  
i s  the  Legendre polynomial,  and
- m - m  4-ir  „ a
^  =  — Q   S i
wo
a +  K i>  -  j  r } » u f e + K i  10  P a <■ o  d r
and and (k + K.) are s i m i l a r l y  r e l a t e d .  The s i x  parametersJit Jit '“-i
w ‘ n  , * [ "  , Wg* * , w i l l  be c a l l e d  as nonlocal
( p seu d o p o ten t ia l )  parameters  and w i l l  be determined e m p i r i c a l l y ,
C. P s e u d o - s p in -o r b i t  I n t e r a c t i o n
The p s e u d o -s p in -o r b i t  i n t e r a c t i o n  HS i s  de f ined  in  (2.14)  and
P
approximated in  (3*4) ,  The c r y s t a l  s p i n - o r b i t  i n t e r a c t i o n  Hs which 
i s  given by
s  toH = — r ,  [  W t r t x  p . 6 ]
t m V  ~  -  L  ~  >
can be expressed  as a summation o f  atomic components:
Hs = <5 • 2  l y
with
h *  =  — - —  r  V V »
where Va ( £  -  JR ) i s  the  c o n t r ib u t i o n  to  the  c r y s t a l  p o t e n t i a l  V(r) 
from the  atom lo ca ted  a t  the  s i t e  R .
As we have done f o r  the  nonloca l  p se u d o p o te n t i a l ,  we approximate
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the c r y s t a l  core  s t a t e s  >  in  (3.*0 by the  l i n e a r  combination 
o f  atomic o r b i t a l s  given by ( 2 .1 5 ) .  Then, because of  the 
s i n g u l a r i t y  of  W . ( r  -  R ) near  £  “ R , we o b ta in  in a good** f\ —— "“JLt
approximation
hS l t * >  «  t - J  V  ' u i <L5 / > >  ‘3-s)
where l u. (R ) > is  the  atomic s t a t e  o f  the  atom loca ted  a t  R .
Following the argument of Appendix A, the  m a t r ix  element of  
p se u d o -s p in -o rb i t  i n t e r a c t i o n  can be expressed  in  terms o f  atomic 
components o f  the type
< £ +  I ! v  - 1  £  \ V y lU fc X  U* l + l U*>< Uk\ Vj/ «1lfc+Kj>
Weisz ( 1966) has shown t h a t ,  in  a reasonab le  approximation,  t h i s  
express ion  can be reduced to  the form
+ ^  dL +  K ; )  ■ K j ) )
where X and \  a re  c o n s ta n ts  a s s o c i a t e d  with p and d atomic s t a t e s ,p d
r e s p e c t i v e l y .  The re fo re ,  a t y p i c a l  m a t r ix  element o f  the  pseudo-
s
s p i n - o r b i t  i n t e r a c t i o n  can be w r i t t e n  as
<te+K;, s IHSP | fe+ Kj, s' > = - 1 £ss' • + & )
{ + t 3 ‘ 10)
where s and s 1 denote  the  sp in  e i g e n s t a t e s  o f  cr,, and x | , xJ,** ; 
Xj, %  a r e  a d j u s t a b l e  c o n s ta n t s  r e p r e s e n t i n g  the  c o n t r i b u t i o n s  
from p and d s t a t e s  f o r  the  atom I I I  (Ga) and atom V ( S b ) . In t h i s  
form of  the  p s e u d o - s p i n - o r b i t  i n t e r a c t i o n ,  the c o n t r i b u t i o n  from 
the  o r i g i n a l  s p i n - o r b i t  i n t e r a c t i o n  i s  c o n ta in ed  in  the  c o n s ta n t s  
X [N and Xj , the atomic p o t e n t i a l  being approximated as
6 - f u n c t i o n s .  For GaSb, the energy  l e v e l s  s u b j e c t  to  the  s p in -
o r b i t  coup l ing  are  expec ted  to  be p - l i k e  and t h e r e f o r e  we s e t  
4 "  = X̂  = 0 .  We d e f in e  the  symmetric and an t isym m etr ic  
param eters  by
S K  V  . A  ^
\  s= A i  +  X i  t  A  =  A - l  -  A  ^
and o b ta in  the  f i n a l  form
< k + K .  , s | H . s  | k +  K i ,  S ' >„ ^ \ r c 3 . i i )
= - L £ s s - . C f e + K ^ x ( . k + K j ) ( ; s s C K 3 - K i ) x S + i S AC K j - K O X A]
S AThe s p i n - o r b i t  pa ram eters  X and X a re  determined in  th e  next  
Chapter .
CHAPTER IV
DETERMINATION OF PARAMETERS AND BAND CALCULATION
To determ ine  the  param eters  o f  the  pseudo-Hamil tonian ,  we 
need ex p e r im en ta l  d a t a  concern ing  the  band s t r u c t u r e  o f  the  
m a t e r i a l .  The exper im en ta l  in fo rm a t io n  we have used as r e f e r e n c e  
va lues  were s e l e c t e d  accord ing  to  the fo l lo w in g  c r i t e r i a .
(1) I t  should  be r e p r e s e n t a t i v e  o f  the  most im por tan t  f e a t u r e s  
o f  the  band s t r u c t u r e .
(2) There should  n o t  be much ambiguity  in  th e  i n t e r p r e t a t i o n  
o f  i t s  d a t a ,  and th e  d a ta  themselves  should  no t  have much 
ex p e r im en ta l  u n c e r t a i n t y .
(3) The c a l c u l a t i o n  o f  co r respond ing  t h e o r e t i c a l  q u a n t i t i e s  
should  no t  be too much invo lved .
The most im por tan t  r eg io n  o f  the  band s t r u c t u r e  i s  t h a t  c o n ta in in g  
the  upper va lence  bands and th e  lower conduct ion  bands.  The le v e l  
s e p a r a t i o n s  between the  h i g h e s t  va lence  band and th e  lowest  and 
second lowest  conduct ion  bands to g e th e r  w i th  the  r e l a t i v e  conduct ion  
band l e v e l s  a t  the  t h r e e  p o in t s  T, L, and X in  the  B r i l l o u i n  zone 
a r e  taken fo r  th e  r e f e r e n c e  v a lu e s .  Also taken as r e f e r e n c e  
va lues  a re  the  conduct ion  band e f f e c t i v e  mass and the  s p i n - o r b i t  
s p l i t t i n g  o f  th e  v a lence  band a t  th e  c e n t e r  o f  th e  B r i l l o u i n  zone.  
The t r a n s i t i o n s  from th e  two va lence  bands, s p l i t  by s p i n - o r b i t  
coup l ing ,  to  t h e  lowest  conduct ion band along the  [111] a x i s  rev e a l
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two s t rong  peaks in the  o p t i c a l  spectrum and these  a l s o  are  va luab le  
fo r  the band s t r u c t u r e .  In s e l e c t i n g  the  exper im enta l  values  fo r  
our use as the r e fe ren ce  va lues ,  we have t r i e d  to take values  
ob ta ined  a t  low temperature  i f  such are  a v a i l a b l e ,  but we did not  
a t tem pt  to  make a c t u a l  tempera ture  c o r r e c t i o n s .
The value  o f  the fundamental o p t i c a l  gap E(Fgc ) -  E ( Igv) a t  
low temperature  i s  w el l  e s t a b l i s h e d  from the  o s c i l l a t o r y  
magnetoabsorption s p e c t r a  and i n f r a r e d  a b so rp t io n  edge.  Zwerdling 
e t  a l .  (1959) ob ta ined  a value 0.813 ± 0.001 eV analyz ing  the  
o s c i l l a t o r y  magneto-absorpt ion s p e c t r a  a t  4 .2  K. Johnson and Fan 
( I 965) confirmed t h i s  value o b ta in in g  a value  0.8128 eV from the 
o b se rv a t io n  o f  an e x c i to n  peak a t  1.7  K. For the  values o f  most 
of  the  o th e r  energy l e v e l  s e p a ra t i o n s  a t  T, L, X p o in t s  and along 
the [111] a x i s ,  we take the low tempera ture  r e f l e c t i v i t y  spectrum 
of  Greenaway (1962) to g e th e r  w ith  the i n t e r p r e t a t i o n  by P h i l l i p s  
(1963) and by Cardona (1964).  Greenaway (19^2) ob ta ined  
r e f l e c t i v i t y  peaks a t  0 .37 eV, 1 .4  eV, 1.9 eV, 2 .08 eV, 2.55 eV,
3-74 eV, 4 .33 eV, 4 ,70  eV, and 5 .7  eV a t  80 K. We l i s t e d  these 
values  in Table 1 I according to  the  usual  i n t e r p r e t a t i o n  f o r  them. 
Sagar ob ta ined  0.08 eV f o r  the  value of E ( L ^ )  -  the leve l
s e p a ra t io n  between the conduct ion band minima loca ted  a t  L and F  
p o in t s ,  from the e f f e c t  o f  p re ssu re  on t h e •r e s i s t i v i t y  and Hall  
c o e f f i c i e n t .  This  value  agrees with the more rec en t  measurement of  
Harland and Woolley (1966), 0 .084 eV. For the values  of  
E(X^c) -  E(r6c) ,  0.3 eV is  a g e n e r a l ly  accepted value  [Ehrenre ich  
( I 96 I ) ,  Haga and Kimura (1964)] .  From the  measurement o f  o p t i c a l
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a b s o rp t io n  a t  high p r e s s u r e ,  Kosicki  (1967) o b ta in ed  a v a lu e  between
0 .75  eV and 0 ,81 eV f o r  E(Pgv) “ E & ^ y ) ,  the  s p i n - o r b i t  s p l i t t i n g
o f  the  va lence  bands a t  T  p o i n t ,
A number o f  values  have been o b ta in ed  from v a r io u s  exper iments
f o r  the  e f f e c t i v e  mass a t  th e  conduct ion  band minimum. Zwerdling
e t  a l .  ( 1959) determined the  c y c lo t r o n  resonance  e l e c t r o n  e f f e c t i v e
mass from o s c i l l a t o r y  m agne toabsorp t ion  d a t a  and o b ta in e d  0.047 mQ;
P i l l e r  ( I 963) o b ta in e d  a va lue  0 .049 mQ from Faraday r o t a t i o n
measurements;  Becker e t  a l .  (1961) o b ta in e d  0,052 mQ from the  s h i f t
o f  fundamental  a b s o rp t io n  edge .  Yep and Becker (1966) measured the
e f f e c t i v e  mass f o r  a number of  l o w - c a r r i e r  c o n c e n t r a t i o n  samples
u s ing  Subnikov-de Haas e f f e c t  and o b ta in e d  sm a l le r  va lu es
(0 .042 m^, 0 .039 mQ, 0 .039 0 .044  mQ f o r  th e  four  samples w ith
v ary ing  degrees  o f  c o n c e n t r a t i o n ) .  Allowing f o r  the  dependence
o f  the  e f f e c t i v e  mass on th e  c a r r i e r  c o n c e n t r a t i o n ,  they e s t im a te d
a va lue  0.040 m a t  z e ro  c o n c e n t r a t i o n ,  o
The p rocess  o f  de te rm in ing  th e  pseudo-Hamiltonian param eters  was 
d iv id e d  i n t o  two s t e p s :
(1) D e te rm ina t ion  o f  the l o c a l  and no n lo ca l  p s e u d o p o te n t ia l  
parameters  n e g le c t in g  the  s p i n - o r b i t  i n t e r a c t i o n .
(2) Dete rm ina t ion  o f  the  p s e u d o - s p i n - o r b i t  i n t e r a c t i o n  
p a ram e te r s .
In the  f i r s t  s t e p ,  we c o n s t r u c t e d  a Hamil tonian m a t r ix  a t  each 
Jk-poin t us ing  the  l o c a l  and n o n lo ca l  p s e u d o p o te n t i a l s  p r e se n te d  in  
(3 .6 )  and (3 .8 )  (with  t e n t a t i v e l y  assumed p a r a m e te r s ) .  The wave 
f u n c t io n s  o f  th e  atomic s t a t e s ,  used in th e  c a l c u l a t i o n  o f  th e  non loca l
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p s eu d o p o te n t ia l  m atr ix  e lements ,  have been ob ta ined  from Herman 
and Ski l im an 's  Table (Herman and Ski l iman, 19&5). The Hamiltonian 
m at r ix  i s  based on 59 plane wave s t a t e s  o f  the s i x  d i f f e r e n t  types 
o f  r e c ip ro c a l  l a t t i c e  v e c to r s ,  namely [000],  [111] ,  [200],  [220],  
[311] ,  and [2 2 2 ] ,  This  m a t r ix  was reduced to  the  dimension of  
~15 x 15 employing Lowdin's p e r tu rb a t io n  method. In the a p p l i c a t i o n  
o f  Lowdin's p e r tu rb a t io n  method to  reduce the  dimension o f  the  
m a t r ix ,  we w r i t e  the pe r tu rbed  Hamilton matrix, e lements  in the  form
'  (4 .1)
l i m n  “  Hmrt  T  J u
E -  H a
with  the s u b s t i t u t i o n  f o r  E
E  =  Hr n m m - n
=  E o  -j&ir
(4 .2)
where EQ i s  the  e s t im a ted  value o f  the energy a t  the lowest conduction 
band minimum. These s u b s t i t u t i o n s  fo r  the value E a re  very s im i l a r  
to  the method in t roduced  by Brust (1964). We then d iagona l ized  
t h i s  reduced m at r ix  and ob ta in ed  the e igenva lues  and e ig en fu n c t io n s  
f o r  the  ~15 energy l e v e l s .  We have repea ted  the above process  o f  
band c a l c u l a t i o n ,  comparing the r e s u l t  with the r e fe ren ce  values  we 
have taken from experiment and varying the  assumed parameters ,  u n t i l  
we determined the optimum s e t  of  va lues  fo r  the s i x  lo c a l  pseudo­
p o t e n t i a l  parameters  and s i x  nonlocal  p seu d o p o ten t ia l  parameters
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l i s t e d  in  Table  I .  With th ese  pa ram ete rs ,  the  lowest  conduct ion band 
i s  determined a lmost com ple te ly  because t h i s  band i s  n o t  s p l i t  by the  
s p i n - o r b i t  i n t e r a c t i o n .  A c a l c u l a t e d  band s t r u c t u r e  with  t h i s  
p s e u d o p o te n t i a l  (with s l i g h t l y  d i f f e r e n t  s e t  o f  param eters )  w i th o u t  
i n c lu d in g  the  s p i n - o r b i t  i n t e r a c t i o n  was p re v io u s ly  pu b l i sh ed  (Zhang 
and Callaway, I 968) .
To in t ro d u c e  the  s p i n - o r b i t  i n t e r a c t i o n ,  i t  i s  n ec e s sa ry  to
double  th e  dimensions of  a l l  the  m a t r ic e s  involved in  band c a l c u l a t i o n
because  every  b a s i s  s t a t e  becomes a two component s p i n o r .  I t  i s
n o t  p r a c t i c a l ,  however,  t o  in t ro d u ce  the  s p i n - o r b i t  i n t e r a c t i o n
i n t o  the  o r i g i n a l  Hamil tonian  which would make i t  i n t o  a complex
m a t r ix  of  dimension 118 x 118. We t h e r e f o r e  r e p r e s e n t  the  pseudo-
s p i n - o r b i t  i n t e r a c t i o n  given in  ( 3 . 11) on t h e  b a s i s  o f  the  reduced
s e t  o f  ~15 p lan e  wave s p in o r s ,  which g iv es  a ~30 x 30 m a t r i x .  The
prev ious  Hamil tonian  m a t r ix  o f  dimension ~15 x 15 becomes another
~30 x 30 m a t r i x .  A new t o t a l  Hamil tonian  m a t r ix  o f  dimension ~30 x 30
i s  o b ta in e d  by adding th e se  two m a t r ice s  and t h i s  r e p r e s e n t s  the
complete pseudo-Hamiltonian we a re  going to  s o lv e .  We o b ta in  the
band s t r u c t u r e  in c lu d in g  the  s p i n - o r b i t  coup l ing  e f f e c t s  by
d ia g o n a l i z in g  t h i s  m a t r i x .  The two s p i n - o r b i t  i n t e r a c t i o n  parameters  
S AX and X were determined in  such a way t h a t  the  s p i n - o r b i t  s p l i t t i n g  
o f  th e  va lence  band agreed with  exper im ent  a t  T  p o in t  and along th e  
[ 111]  a x i s .
The usual  lk«£ p e r t u r b a t i o n  c a l c u l a t i o n  o f  e f f e c t i v e  masses should  
be modif ied  to  take  account  of  the  non loca l  p s e u d o p o te n t i a l  and the 
s p i n - o r b i t  i n t e r a c t i o n .  Golin (1968) d e r iv ed  the  n e c e s sa ry  m a t r ix
elements  fo r  these  m o d i f i c a t i o n s .  I f  the wave fu n c t io n  cor responding  
to  the  energy l e v e l  n '  a t  J<=0 i s  exp re ssed  in  the  p lane  wave s p in o r s  
by
(4 .3)
the  e f f e c t i v e  mass m* in  the  lowest  conduct ion  band a t  k=Q i s  
o b ta in e d  by
z. h C - k w  +  s ^ i*
with
Prm' = 6  Z  b n*s br»^5
)> S
S ' 1” ' =  T ° ' 9 " ' 5' s  ^  V h  ■>' ~ 5* 4
S n * T - — i j
(4 .5 )
(4 .6)
3-3 (4 .7 )
A
< [ s S C K j ' - K j ) X S + ! . S A C K j ' - ! £ j ) x  )
26
Here the s u f f i x  n denotes  the lowest conduction band, and V, (K.,  K - ,)
K ~J
i s  the  m atr ix  elements  o f  the nonlocal  p s e u d o p o te n t ia l ,  namely
I t  i s  found t h a t  the  c o n t r ib u t io n  of  the  nonlocal  p seu d o p o te n t ia l
terms to  the  e f f e c t i v e  mass i s  as much as 30%, while  the  s p in -
o r b i t  i n t e r a c t i o n  terms S . c o n t r ib u t e  about 2% to  the e f f e c t i v e—nn
mass.
In F ig .  1, the procedure  of  determining the pseudo-Hamiltonian 
parameters  and the  band c a l c u l a t i o n  i s  p resen ted  s c h e m a t ic a l ly .
In p r a c t i c e ,  i t  i s  no t  p o s s ib l e  to exp lo re  s y s t e m a t i c a l l y  the 
e f f e c t  o f  .a l l  p o s s ib le  parameter  v a r i a t i o n s  in  a reasonable  amount 
o f  computer t ime.  We were ab le ,  however, to o b t a in  a s e t  of 
parameters  which y ie ld ed  a s a t i s f a c t o r y  band s t r u c t u r e .  The 
determined values  o f  the  pseudo-Hamiltonian parameters  a re  g iven in 
Table I . The exper imenta l  values  fo r  some im portan t  energy le v e l  
s e p a ra t io n s  and the  e f f e c t i v e  mass, which have been used as the  
r e fe ren ce  va lues ,  a re  l i s t e d  in Table  I I ,  to g e th e r  with the 
c a l c u l a t e d  values  using the parameters  we de termined.  The c a l c u l a t e d  
energy bands along the major symmetry axes are  shown in F ig .  2 .
The s p l i t t i n g  o f  the  Kramers1 degeneracy o f  the  energy le v e l s  along 
the  L ax is  has no t  been in d ic a te d  in  F ig .  2.  The magnitude o f  the 
l a r g e s t  s p l i t t i n g  o f  Kramers'  degeneracy i s  o rd e r  of  0.1 eV a t  
the genera l  p o in t  in the B r i l l o u i n  zone.  The two f o ld  degeneracy 
o f  the l e v e l  along the [111] a x i s  i s  not  l i f t e d .  The value o f  the 
l a t t i c e  parameter  we have used in  our  c a l c u l a t i o n  i s  a = 6.0S6 A,
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which was measured by M i l l e r  e t  a l .  ( I9 6 0 ) .
A comparison o f  our  c a l c u l a t e d  energy  bands, which d id  not  
in c lu d e  the  s p i n - o r b i t  coup l ing  e f f e c t s ,  has been compared with those  
o f  Cohen and B e r g s t r e s s e r  (1966) in a p rev ious  p u b l i c a t i o n  (Zhang 
and Callaway, 1968).  Here we b r i e f l y  compare our  r e s u l t s  with the  
c a l c u l a t e d  energy bands o f  Herman e t  a l .  (1968) and o f  Higginbotham 
e t  a l .  ( I 968) .  The shapes  o f  the  lowest  conduc t ion  band o b ta in e d  
by th ese  t h r e e  c a l c u l a t i o n s  g e n e r a l l y  ag ree ,  a l though  the  va lue  o f  
the  energy s e p a r a t i o n  E(Xgc ) “ E ( Igc ) c a l c u l a t e d  by Higginbotham 
e t  a l .  i s  much l a r g e r  than those  va lues  o b ta in ed  by th e  o t h e r  two 
c a l c u l a t i o n s .  The most s i g n i f i c a n t  d isagreem ent  between our  r e s u l t s  
and o t h e r s  i s  observed  a t  the  va lues  o f  E(;Tyc) " E ( rg c ) ,  th e  l ev e l  
s e p a r a t i o n  between the  h i g h e s t  v a lence  band and th e  second lowest  
conduct ion  band a t  j<=0. These va lues  a re  3 .82 eV ( p r e s e n t  work) ,
3-35 eV (Herman e t  a l .  w i th o u t  i n c lu d in g  s p i n - o r b i t  coup l ing)  and 
3.1  eV (Higginbotham e t  a l . ) .  There  i s  some c o n t ro v e r s y  in  the  
exper im en ta l  i n t e r p r e t a t i o n  f o r  t h i s  l e v e l  s e p a r a t i o n  (Herman e t  a l . ,  
1968) .  Another d isagreement  a r i s e s  f o r  th e  va lue  o f  s p i n - o r b i t  
s p l i t t i n g  E(X^V) -  E(X^v) near  the  B r i l l o u i n  zone boundary in [100] 
d i r e c t i o n .  Herman e t  a l .  o b ta in e d  0 .37  eV, and Higginbotham e t  a l .  
o b ta in e d  0 .3  eV f o r  t h i s  v a lu e ,  w h i le  we o b ta in e d  a very smal l  value  
0 .O^eV. E xpe r im en ta l ly ,  th e r e  has been no r e p o r t e d  o b s e rv a t io n  f o r  
t h i s  s p l i t t i n g  (K osick i ,  1967). A r a t h e r  i n t e r e s t i n g  agreement 
between a l l  t h e se  t h r e e  c a l c u l a t i o n s  i s  observed a t  the  v a lu e s  of  
l e v e l  s e p a r a t i o n s  E ( L ^ )  -  E ( L ^  L5v) , and E ( L ^  -  E(i-6y) .  A l l  
the  th r e e  c a l c u l a t i o n s  ag ree  a t  va lues  around 1.9 eV and Z .k  eV
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fo r  t h i s  d o ub le t ,  while  the  f a i n t  peaks observed a t  1.4  eV and 
1.9 eV in the r e f l e c t i v i t y  s p e c t r a  have u s u a l ly  been a t t r i b u t e d  to  
these  two leve l  s ep a ra t io n s  [ P h i l l i p s  (1964), Cardona (1964), 
Kosicki (1967)] .
CHAPTER V
CARRIER CONCENTRATION DEPENDENCE OF EFFECTICE MASSES
The dependence o f  the  conduct ion band e f f e c t i v e  mass upon the
c a r r i e r  co n ce n t ra t io n  has r e c e n t l y  been in v e s t ig a t e d  f o r  many 111“V
semiconducting compounds. P a l ik  and Wright (1967) provided a
summary of  a la rge  number o f  exper im en ta l  r e s u l t s  which show t h a t
the c a r r i e r  c o n c e n t ra t io n  dependence o f  the  e f f e c t i v e  mass in those
m a t e r i a l s  i s  q u i t e  s i g n i f i c a n t .  In InSb, fo r  example, the  value
o f  the e f f e c t i v e  mass measured f o r  the sample with c a r r i e r
18 —3c o n cen t ra t io n  ~10 cm i s  about th ree  times as la rg e  as  the
corresponding value f o r  the sample with c a r r i e r  c o n c en t ra t io n  
15 -3'■'•'10 cm . On the  t h e o r e t i c a l  s id e  of  the  i n v e s t i g a t i o n ,  th i s  
dependency has been exp la ined  by k ; £  p e r tu rb a t io n  theory  of  Kane 
(1956, I 966) .  Kolodzie jczak  e t  a l .  ( 1966a, 1966b), in p a r t i c u l a r ,  
c a l c u l a t e d  the c a r r i e r  c o n c e n t ra t io n  dependence o f  the  e f f e c t i v e  
masses fo r  a la rge  number o f  111-V compounds using the _k’£  theory 
and e x p e r im en ta l ly  ob ta ined  band param eters .  According to  the 
J<.£ theory ,  the e f f e c t i v e  mass not only depends upon the  c a r r i e r  
co n c en t ra t io n  but a l so  has a s i g n i f i c a n t  an iso t ro p y .  The heavy 
ho le  mass possesses  a s t rong  a n iso t ro p y  and the masses o f  conduc­
t io n  band, l i g h t  ho le  band and s p l i t - o f f  band a lso  revea l  some 
degree o f  a n i so t ro p y .
For GaSb, Yep and Becker ( I 966) ob ta in ed  the conduction band 
e f f e c t i v e  masses fo r  a s e t  o f  samples w i th  d i f f e r e n t  degrees  of  
c a r r i e r  co n c en t r a t io n  by analyz ing  the measured Shubnikov-de Haas
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o s c i l l a t i o n s .  In ad d i t io n  to r e p o r t in g  t h e i r  own r e s u l t s ,  they provide 
a summary o f  those va lues  ob ta ined  by o th e r  i n v e s t i g a t o r s  with  d i f f e r ­
e n t  methods and samples.  S t r a d l in g  (1966) measured the cy c lo t ro n  
resonance e f f e c t i v e  masses fo r  heavy hole  band and l i g h t  ho le  band in 
th re e  d i f f e r e n t  d i r e c t i o n s  and observed a s t ro n g  a n i so t ro p y  in heavy 
ho le  mass. More r e c e n t l y ,  S e i l e r  and Becker (19&9) measured the  
an iso t ropy  in the conduction band e f f e c t i v e  mass using the Shubnikov- 
de Haas e f f e c t .
In the  p re sen t  Chapter ,  we w i l l  i n v e s t i g a t e  the c a r r i e r  concen­
t r a t i o n  dependence and a n iso t ropy  o f  the e f f e c t i v e  masses fo r  four 
d i f f e r e n t  bands, namely, the conduction,  l i g h t  ho le ,  heavy ho le  and 
s p l i t - o f f -  bands.  For the  conduction band and l i g h t  hole  band, we w i l l  
a l so  cons ide r  the in v e r s io n  asymmetry s p l i t t i n g  e x p l i c i t l y .  The p re ­
s e n t  i n v e s t i g a t i o n  d i f f e r s  from most o f  the previous  t h e o r e t i c a l  
i n v e s t i g a t i o n s  in t h a t  the  p re sen t  r e s u l t s  a re  ob ta ined  d i r e c t l y  from 
the  c a l c u l a t e d  energy bands while  most o f  the previous  c a l c u l a t i o n s  on 
t h i s  s u b je c t  were performed in J<*j  ̂ theory  using e x p e r im en ta l ly  ob ta ined  
band parameters  and t h e r e f o r e  not r e l a t e d  to  any p a r t i c u l a r  energy 
band c a l c u l a t i o n .
In o rd e r  to  determine the e f f e c t i v e  mass as a fu n c t io n  o f  the 
Fermi energy in a number o f  d i f f e r e n t  d i r e c t i o n s ,  i t  i s  n ecessa ry  to 
o b ta in  an a n a l y t i c a l  r e p re s e n ta t i o n  o f  the energy band E(k) in the 
space o f  the  wave v ec to r  k.  An energy band i s  a s c a l a r  in  k_ space 
and t h e r e fo r e  i t  possesses  Tj symmetry in cubic  c r y s t a l s .  I f  we 
n e g le c t  the  s p i n - o r b i t  coupling e f f e c t ,  a nondegenerate band, the 
conduction band fo r  example, can be expanded in  Kubic harmonics as
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E ( f e ) =  E „ +  +  Z ™  K + . i ) f e t
+  t E j “ +  E r *  K+, t  +  E ® ’ K t , i ) f e 4 +
(5-1)
where the Kubic harmonics K^  ̂ and Kg  ̂ a r e  given by (Von der Lage and 
Berthe,  19^7)
Callaway (196l)has  used t h i s  expansion f o r  a n a ly s i s  of  the l i th iu m  
band s t r u c t u r e .
The valence bands, which a re  degenera te  a t  k_=0, may not 
adequa te ly  be approximated by the above expansion due to  the 
n o n a n a l i t i c i t y  a t  the  po in t  o f  degeneracy. Without s p i n - o r b i t  
coupl ing ,  the  va lence bands n e a r  k=0 are determined by J<*£ 
p e r tu rb a t io n  theory  as s o lu t io n s  of  the  s e c u la r  equa t ion  (Dresselhaus
The q u a n t i t i e s  L, M, and N a re  sums o f  c e r t a i n  m a t r ix  e lem en ts .  I t  
i s  obvious t h a t  the  s o lu t io n  o f  (5-^ ) , in g en e ra l ,  may give r i s e  to
e t - a l . ,  1955):'
N (.fex N f e ^ fe i
N Ll?a-+ M (fej*  fex)-E
=  0
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second o rd e r  a n i s o t r o p i c  terms in  k. space .
I f  we in c lu d e  the  s p i n - o r b i t  coupl ing  e f f e c t ,  even the  conduction 
band may no t  adeq u a te ly  be approximated by (5~l)  because i t  becomes 
doubly deg en e ra te  a t  k=0 and a long some symmetry ax es .  On the 
o t h e r  hand, the  shape o f  the  energy  band around k=0 can be analyzed 
by 1<.jd p e r t u r b a t i o n  th e o r y .  For small  k, the  band in c lu d in g  s p in -  
o r b i t  coupl ing  e f f e c t  has been g iven  by th e  t h r e e  band approximation 
o f  Kane (1966) in  the  form
= E . +  Es T3 |fer (5-5)
where




The c o n s ta n t  van ishes  f o r  the heavy h o le  band. We here  observe  
t h a t  the  energy expansion in (5“5) does n o t  in c lu d e  any h ig h e r  o rde r  
terms o th e r  than  k^ and t h e r e f o r e  f a i l s  to  r e p r e s e n t  the  energy 
bands a t  the  reg ion  where th e  bands a re  no longer  q u a d r a t i c  in  k̂  
space .  I t  i s  expec ted ,  however, t h a t  th e  e x p re s s io n  in  (5" 1) would
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give reasonable  r e p re s e n ta t i o n  fo r  the higher  o rd e r  terms in the 
energy expans ion .  We t h e r e fo r e  r e p re s e n t  the  energy bands in the 
fo llowing way:
Ef f e )  = E . +  E ^ s l f c l *
• K E * “’ + K + , i (5-8)
*  t e " + E «  Kt , +  E ? '  K 4<l ) f e 6+ - - - -
fo r  the purpose o f  analyz ing  th e  e f f e c t i v e  masses a s s o c i a t e d  with 
r  p o i n t .  The term r e p re s e n t s  the in v e rs io n  asymmetry
s p l i t t i n g  and we have two s p l i t  bands fo r  every band which would 
o therw ise  be doubly degenera te .  These two s p l i t  bands a re  
r ep re sen ted  by roughly the same s e t  o f  c o e f f i c i e n t s  in  (5-8) except  
t h a t  the s igns  o f  are  o p p o s i te  to  each o t h e r .  This  i s  obvious 
from th e  ex p re ss io n  in  (5“5 ) • The band rep resen ted  by p o s i t i v e  
Ej and the  one rep re sen ted  by nega t ive  E^ w i l l  be c a l l e d  as upper 
band and lower band, r e s p e c t i v e l y .  (For the sake o f  convenience,  we 
rep re sen ted  the va lues  o f  both conduction and valence band energy as 
p o s i t i v e .  In every  case we s e t  Eq=0.)  For the heavy ho le  band, the 
s p l i t t i n g  i s  very small and we put E^-O from the beginning .
The c o e f f i c i e n t s  E ^ , E<2 ) , e£ 1J , E^2 ) , E ^ \  e| 2) , e£3} 
have been determined by a weighted l e a s t - s q u a r e  procedure  using the 
energy values  a t  21 d i f f e r e n t  It p o in t s  in  the neighborhood o f  F  p o in t .  
The energy values  used in  t h i s  procedure  were ob ta ined  by the  band 
c a l c u l a t i o n  desc r ibed  in Chapter IV using the  pseudo-Hamiltonian 
parameters  given in Table  I .  The weights  in  t h i s  l e a s t  square
3 b
procedure  were provided in  such a way t h a t  the  values
should be minimized. Here E (j<.) and E ( k . ) a re  the  energy values
o b ta ined  by th e  band c a l c u l a t i o n  and by th e  expansion (5 -8 ) ,  
r e s p e c t i v e l y .
are  l i s t e d  fo r  conduction band. We ob ta ined  s im i l a r  r e s u l t s  fo r  
valence bands. The u n i t  of  j< used in the expansion (5“3) i s  
lQ.(a/27r) t imes the  atomic u n i t  k (a being th e  l a t t i c e  parameter in 
atomic u n i t ) .  The value  o f  energy in t h i s  expansion i s  given in 
the u n i t  o f  e l e c t r o n  v o l t s .  The determined c o e f f i c i e n t s  o f  the 
expansion (5”8) a re  l i s t e d  in  Table  IV fo r  a l l  the  bands cons ide red .
The e f f e c t i v e  mass r e l a t e d  t o  the  c y c lo t ro n  resonance i s  given
where Ep i s  the Fermi energy and A(Ep) i s  the  extremal  c ross  
s e c t io n a l  a rea  o f  the  Fermi s u r f a c e  pe rp en d icu la r  to  the  appl ied  
magnetic f i e l d .  In atomic u n i t s ,  we r e w r i t e  i t  as
In Table  I I I ,  the  energy values  8Q(k.j) and E(k_.) fo r  21 jo-points
by
*  'Ifi d  A C E p )
Yn -  —  ----------------




where kp(Ep, Q) i s  the value o f  k. v e c to r  on the Fermi su r face  and 
the i n t e g r a l  i s  performed on the  s u r f a c e  perpend icu la r  to  the 
app l ied  magnetic f i e l d .  In the  p r e se n t  i n v e s t i g a t i o n ,  we cons idered  
the e f f e c t i v e  masses a s s o c i a t e d  with th re e  d i f f e r e n t '  d i r e c t i o n s  of  
app l ied  magnetic f i e l d ,  namely, the  [100],  [110] ,  and [111] 
d i r e c t i o n s .  From ( 5 - 8 ) j the  Fermi l e v e l  i s  determined by
z  =:A,feF* + CfeF̂  + T>feF% - " (5-11)
where
B  =  e 3 t * .
In v e r t in g  (5“ l l ) ,  we o b ta in
where
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The e f f e c t i v e  mass i s  c a l c u l a t e d  by
i n  m  zn
YY\
Yf\ =  f  P 1 A S +  ( F l a . e + z - * f F ' 3 A ey b a ^  6O 0
2T ^ziT (5-13)
as + 3 t l \  f s as
rO ^0
All the  i n t e g r a l s  involved in (5“ 13) were performed num er ica l ly  on 
the sufaces  perpend icu la r  to  the d i r e c t i o n s  [ 100] ,  [ 110] ,  and [ i l l ] .  
The c a l c u l a t e d  e f f e c t i v e  mass versus Fermi energy curves  ob ta ined  
by (5"13) a re  given in F ig .  3 through F ig .  6 f o r  the conduction,  
l i g h t  ho le ,  heavy hole  and s p l i t - o f f  bands. The upper and lower 
bands s p l i t  by in v e rs io n  asymmetry are  s e p a ra t e ly  cons idered  fo r  
conduction band and l i g h t  hole  band.
To o b ta in  the c a r r i e r  co n c e n t ra t io n  dependency of  the e f f e c t i v e  
mass, we need to  f in d  the  c a r r i e r  co n c en t ra t io n  as a fu n c t io n  o f  
Fermi energy f o r  e l e c t r o n s  and h o le s .  The c a r r i e r  co n cen t r a t io n  
occupying s t a t e s  near  k=0 i s  given by
Ep -J
(5-14)
In t h i s  exp ress ion ,  we neg lec ted  the invers ion  asymmetry s p l i t t i n g  
o f  the band. The express ion  kp , which can be ob ta in ed  from (5“ 12) 
con ta in s  a complicated angular  dependency and th e r e fo r e  the 
e v a lu a t io n  o f  the  angular  i n t e g r a l  over the e n t i r e  s o l i d  angle 
appears to be very invo lved .  On the o th e r  hand, i t  i s  expected
t h a t  the an i so t ro p y  near k=0 would not  a f f e c t  too much the  r e l a t i o n
between c a r r i e r  co n c e n t r a t io n  and Fermi energy .  To c a r ry  ou t  a
simple e v a lu a t io n  of  the angular  i n t e r g r a t i o n  in  (5"1^) under t h i s
assumption,  we made another  r e p re s e n ta t i o n  o f  the  energy bands
using only  the Kubic harmonic expansion (5~1).  The c o e f f i c i e n t s
in (5"1) were determined by another  l e a s t  square  procedure and, as
expected ,  the r e s u l t i n g  energy r e p re s e n ta t i o n  tu rned  out  to  be good
fo r  la rge  energy values  while  the  a n iso t ropy  fo r  small energy
values  was not s a t i s f a c t o r i l y  rep re se n te d .  By in v e r t i n g  t h i s
3
expansion,  we o b ta in  the exp ress ion  of  kp which con ta in s  on ly  
Kubic harmonics fo r  the angular  p a r t .  Making use o f  the 
o r th o n o rm a l i ty  of Kubic harmonics [ th e  Kubic harmonics given in 
(5“2) and (5“3) a re  normalized to %r], we f in d  a simple exp ress ion
For the  conduction band, as the Fermi l ev e l  c rosses  over  the
We assume t h a t  the energy s u r fac e s  in the v i c i n i t y  of  L p o in t s  are  
e l l i p s o i d a l  and thus ob ta in  an e xp ress ion  fo r  the  c o n ce n t r a t io n  of  
c a r r i e r s  occupying the s t a t e s  near  L minima:
fo r  p :
(5-
where
energy  o f  L minima, the  s t a t e s  near  L p o in t s  begin to  be occupied.
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(5-16)
E. i s  the  energy le v e l  a t  L po in t  and m. and m. are  lo n g i tu d in a l
u Xi t
and t a n g e n t i a l  e f f e c t i v e  mass a s s o c i a t e d  with  L p o i n t s .  In our  
c a l c u l a t i o n ,  we have used the r e s u l t s  ob ta in ed  by Zhang and Callaway 
( 1968) fo r  th ese  v a lu e s .  The c a r r i e r  c o n c e n t ra t io n  o f  e l e c t r o n s  fo r
We have c a l c u l a t e d  the  c a r r i e r  co n ce n t r a t io n  for  h o le s  by 
applying (5"15) to  both the heavy hole  and l i g h t  hole  bands. While 
the  hole  co n c e n t r a t io n  i s  co n t r ib u te d  by both of  these  bands, the 
c o n t r ib u t i o n  from the heavy hole  band i s  dominant because of  the 
la rg e  d e n s i ty  of  s t a t e s  in t h i s  band.
The c a l c u l a t e d  conduct ion band e f f e c t i v e  mass as a fu n c t io n  o f  
conduction e l e c t r o n  c o n c e n t r a t io n  i s  given in F ig .  7.  In F ig .  8 and 
F ig .  9, we p re sen t  the  l i g h t  hole  and heavy hole  e f f e c t i v e  masses 
as fu n c t io n s  o f  hole  c o n c e n t r a t i o n .  The e f f e c t i v e  mass p resen ted  
in each o f  these  f i g u r e s  corresponds to the lower one o f  the  two bands 
s p l i t  by in v e r s io n  asymmetry.
F i n a l l y ,  an e v a lu a t io n  has been made f o r  the  conduct ion band 
e f f e c t i v e  mass def ined  by
th e  Fermi energy h igher  than  E^ i s  expressed  as a sum of  (5"15) and
(5 -16 ) .
(5 -1 7 )
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This  e f f e c t i v e  mass p l o t t e d  as  a f u n c t io n  o f  c a r r i e r  c o n c e n t r a t i o n  i s
p r e se n ted  in F ig .  10. From F ig .  7 and F ig .  10, we n o t i c e  t h a t  the
e f f e c t i v e  mass d e f in e d  by (5-17) has much s t r o n g e r  dependency on the
c a r r i e r  c o n c e n t r a t i o n  than  the  co r respond ing  c y c lo t r o n  resonance
e f f e c t i v e  mass. The d i f f e r e n c e  between th e se  two e f f e c t i v e  masses
2i s  mainly  due to  the  h ig h e r  o r d e r  terms than k in th e  energy 
e x p an s io n .  The remarkable  d i f f e r e n c e  in c a r r i e r  c o n c e n t r a t i o n  
dependency between th e  two e f f e c t i v e  masses,  t h e r e f o r e ,  i n d i c a t e s  
th e  importance o f  in c lu d in g  h ig h e r  o rd e r  terms in energy  r e p r e s e n t a ­
t i o n  f o r  the  a n a l y s i s  o f  th e  e f f e c t i v e  m asses .
The c a l c u l a t e d  c y c lo t r o n  resonance  e f f e c t i v e  mass f o r  the  conduc­
t i o n  band.makes a rea so n a b le  agreement w ith  exper iment  both in  Fermi 
energy dependency and a n i s o t r o p y .  In Tab le  V, a comparison i s  made 
between c a l c u l a t e d  and e x p e r im e n ta l ly  measured va lues  o f  conduct ion  
band e f f e c t i v e  mass. The s e t  o f  the  e xpe r im en ta l  va lues  c i t e d  in 
t h i s  t a b l e  i s  a c o l l e c t i o n  o f  va lues  measured by a number of  
d i f f e r e n t  i n v e s t i g a t o r s  w i th  d i f f e r e n t  methods.  T h e re fo re ,  i t  i s  n o t  
p o s s i b l e  to  e x t r a c t  the  p r e c i s e  Fermi energy  dependency o f  the 
e f f e c t i v e  mass from t h e s e  e x p e r im en ta l  d a t a .  In t h i s  t a b l e ,  we 
p r e s e n t  the va lues  o f  e f f e c t i v e  mass in  t h r e e  d i f f e r e n t  d i r e c t i o n s  
fo r  both lower band and upper band s p l i t  by in v e r s io n  asymmetry.
The c a l c u l a t e d  a n i s o t r o p y  o f  the  conduct ion  band e f f e c t i v e  mass 
i s  compared with a r e c e n t  measurement by S e i l e r  and Becker (1969) 
in Table  VI. Since  the  c o r r e l a t i o n  between the  e f f e c t i v e  mass and 
Fermi energy i s  n o t  un ique ly  g iven  in  t h e i r  exper iment ,  we compared 
the  ex p e r im en ta l  v a lu es  o f  e f f e c t i v e  mass with c a l c u l a t e d  ones which
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would make b e s t  agreement in  [100] d i r e c t i o n .  From t h i s  com par ison  
we f in d  t h a t ,  while  the  a n i so t ro p y  o f  the lower band agrees  with 
experiment  n i c e l y ,  th e  agreement fo r  the  upper band i s  poor in the 
angular  v a r i a t i o n  between [110] and [111] d i r e c t i o n s .
For the  heavy hole  e f f e c t i v e  mass, we f in d  only  a q u a l i t a t i v e
agreement with  exper im ent .  The a b so lu te  values of the  heavy hole
mass turned  o u t  to be s i g n i f i c a n t l y  l a r g e r  than the values  measured
by S t r a d l in g  (1966).  However, a remarkable agreement i s  found in  the
a n i so t ro p y .  A comparison between c a l c u l a t e d  heavy hole  mass ( f o r  the
18 ** 1ho le  c o n c e n t r a t io n  10 cm ) and the exper imenta l  values  of  
S t r a d l in g  (1966) i s  given in  Table  VI I .  Although both heavy ho le  
mass and l i g h t  hole  mass a re  s e n s i t i v e  to  the  Fermi l e v e l ,  they  are 
not  very s e n s i t i v e  to  the  hole  c o n c e n t r a t io n  due to  the  la rge  d en s i ty  
o f  s t a t e s  in  the  valence bands.  The l i g h t  ho le  mass shows a s t ro n g e r  
degree o f  a n i so t ro p y  than the  conduction band e f f e c t i v e  mass but not 
as s t rong  as the a n i so t ro p y  o f  the heavy ho le  mass. The s p l i t t i n g  
o f  the  l i g h t  ho le  band due to  the in v e rs io n  asymmetry i s  the  l a r g e s t  
among the. bands cons ide red  here  and the  e f f e c t  o f  t h i s  on the  
e f f e c t i v e  mass i s  shown in  F ig .  4 .  The c a l c u l a t e d  magnitude o f  the 
l i g h t  ho le  mass tu rned o u t  to  be a l i t t l e  sm a l le r  than the measured 
value 0.052mo of  S t r a d l in g  (1966).  S t r a d l in g  did not  observe any 
a n iso t ropy  o f  l i g h t  ho le  mass in  h i s  measurements in  th re e  d i f f e r e n t  
d i r e c t i o n s ,  but the c a l c u l a t e d  a n i so t ro p y  i s . w i t h i n  the  range o f  
u n c e r t a i n t y  of  h i s  measurement.
The Fermi energy dependence o f  the  s p l i t - o f f  band e f f e c t i v e  mass 
shown in F ig .  6 does not  have much phys ica l  s i g n i f i c a n c e  because i t
k l
i s  very u n l ik e ly  f o r  a s i g n i f i c a n t  number o f  holes  to  occupy s t a t e s  
in  t h i s  band to  form a meaningful Fermi l e v e l .  (The Fermi le v e l  in 
t h i s  co n tex t  i s  def ined  on ly  f o r  the  ho les  occupying t h i s  band.)
Since the  top o f  t h i s  band lo ca te s  a t  the leve l  about 0 .8  eV lower 
than the  top of  o th e r  valence bands, the  e f f e c t i v e  mass in the  s p l i t -  
o f f  band i s  v i r t u a l l y  independent  o f  the  ho le  c o n c e n t r a t i o n .  The 
c a l c u l a t e d  value  of  the s p l i t - o f f  band mass shows s l i g h t  an i so t ro p y  
and the magnitude about 0„17mo co inc ides  with  the  c a l c u l a t e d  value 
fo r  t h i s  mass by Higginbotham e t  a l .  (1968).  There i s  no a v a i l a b l e  
exper im enta l  in form at ion  fo r  the  value  o f  the  s p l i t - o f f  band mass.
CHAPTER VI
O P T IC A L PR O P ER TIES
The imaginary p a r t  of  the d i e l e c t r i c  c o n s ta n t  i s  expressed  by
where the  s u b s c r ip t s  n and I  denote  the conduct ion bands and the 
valence bands, r e s p e c t i v e l y ,  and the  momentum m atr ix  element 
i s  given by
Here i s  the  p e r io d ic  p a r t  o f  the wave fu n c t io n  fo r  the energy
leve l  n a t  the  p o in t  jc in the B r i l l o u i n  zone.
To e v a lu a te  ^ ( to )  we c o n s t ru c ted  a cub ic  mesh whose s c a le  was 
determined by d iv id in g  the [100] axis  i n t o  2k equal  s e c t io n s .  This 
mesh g en e ra te s  1505 p o in t s  in the  1/48 o f  th e  B r i l l o u i n  zone 
in c lud ing  the po in ts  on the s u r fa ce  of t h i s  s e c t io n .  I t  takes ,
however, more than a p r a c t i c a l  amount o f  the  computer t ime to
c a l c u l a t e  the energy l e v e l s  and the  wave fu n c t io n s  a t  a l l  these  mesh
po in ts  us ing  the  method mentioned in  Chapter IV. We th e r e f o r e  
employed the e x t r a p o l a t i o n  method, which was in t roduced  by Sarav ia
and Brus t  (1968).  From the 1505 mesh p o in t s ,  we s e le c t e d  89 bas ic  
p o in t s ,  which corresponded to a coa rse r  mesh with a l i n e a r  s ca le  
th re e  times as la rge  as the  o r i g i n a l  mesh. At each o f  these  b as ic
Mr>£(fe) =/V /V JdLV.U»lfe.t)X (6 .2)
p o i n t s ,  we c a l c u l a t e d  the  energy bands by d ia g o n a l i z in g  the  ~30x30
dimensional pseudo-Hamil tonian m a t r ix  c o n s t r u c t e d  fo r  t h a t  k -v a lu e .
The energy bands a t  the  remaining mesh p o in t s  were o b ta in e d  by the
Jk*£ p e r t u r b a t i o n  method us ing  the va lues  o f  th e  energy l e v e l s  and the
wave f u n c t io n s  c a l c u l a t e d  a l r e a d y  a t  the n e a r e s t  b as ic  p o i n t s .  In
t h i s  k*£ p e r t u r b a t i o n  p rocedure ,  however, we ignored  th e  c o n t r i b u t i o n s
from the  no n lo ca l  p se u d o p o te n t i a l  terms and s p i n - o r b i t  i n t e r a c t i o n
terms such as Q , and S , in  ( k . k ) . Thus, a t  a mesh p o i n t  k, near•^fin' ~ n n I '  r  ~
a b a s ic  p o in t  a 16x16 k*£ Hamil tonian  m a t r ix  i s  o b ta in ed  w i th  th e  
elements
U , = * 2  { k -  f e O  • Pym' -for Y) n1 1 win M M  1
and
^  ^  H mJi Hfiw
where
\  A3 r  U * c f e . , r j v u . ' l f e . / )
^  J  f  <"* ** ^
Here N i s  th e  dimension o f  the m a t r ix  a t  th e  major  p o in t  J ^ ,  and Nl i s  
t h a t  of  the  k_*£ Hamil tonian  which i s  taken as 16. This  16x16 
Hamiltonian i s  d ia g o n a l i z e d  to  y i e l d  the lowest  e i g h t  energy  l e v e l s  
(w i thout  coun t ing  the  l e v e l s  s p l i t  from Kramers’ degeneracy s e p a r a t e l y ) .
The i n t e g r a l  in  (6 .1 )  was performed n u m e r ic a l ly ,  being rep laced  
by a f i n i t e  sum. In atomic u n i t s ,  we have the  fo l low ing  ex p re s s io n :
The s u p e r s c r i p t  on the summation s ign  i n d i c a t e s  t h a t  th e  summation 
i s  performed over  values  o f  Jk which s a t i s f y
A  CO „ , „ A  cO
C O  —  <  E „ ( k ) -  E o C f e )  <  CO +
z  ~  ~  “  2 ,
I t  i s  known t h a t  the  value  o f  |Mnj^(]c)| i s ,  in  g e n e r a l ,  s lowly  
v a ry in g  w i th  r e s p e c t  to  k .  We c a l c u l a t e d  jMnJ^Cj<) 1 a t  each o f  the  89 
b a s ic  p o in t s  and, fo r  the  remaining Jk v a lu e s ,  we used those  va lues  
o f  | ( j O  ! a t  th e  n e a r e s t  b a s ic  p o i n t s .
The c a l c u l a t e d  imaginary  p a r t  o f  the  d i e l e c t r i c  c o n s t a n t  i s  
shown in F ig .  11 f o r  th e  energy  range from 0 eV to  6 eV. Some 
conduct ion  bands o t h e r  than the  lowest  e i g h t  l e v e l s  we c a l c u l a t e d  
have the  energy  va lues  j u s t  above 6 eV from th e  h i g h e s t  va lence  band 
a t  the  c e n te r  o f  th e  B r i l l o u i n  zone.  T h e re fo re ,  th e  imaginary  p a r t  
o f  the  d i e l e c t r i c  c o n s ta n t  f o r  the  energy range over  6 eV cannot  be 
o b ta in e d  u n le s s  we in c lu d e  more energy l e v e l s  in our  c a l c u l a t i o n .  In 
t h i s  c a l c u l a t i o n ,  we have used the  pseudo-Hamiltonian parameters  
l i s t e d  in  Tab le  VIM r a t h e r  than those  in  Tab le  I .  A f te r  f i n i s h i n g  
t h i s  p a r t  o f  c a l c u l a t i o n ,  we r e a d j u s t e d  the  param eters  and o b ta in e d  
the  s e t  given in  Table  1. The two band s t r u c t u r e s  o b ta in e d  from 
th e se  two s e t s  o f  param eters  a r e  no t  much d i f f e r e n t  from each o t h e r .  
But i t  i s  expec ted  t h a t  the  p o s i t i o n s  o f  the  peaks might  g e n e r a l l y  
be s h i f t e d  s l i g h t l y  (o rde r  o f  0 .1  eV) toward h ig h e r  energy r e g i o n .
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The r e a l  p a r t  o f  the  d i e l e c t r i c  c o n s ta n t  e^(tti) and the  
r e f l e c t i v i t y  R(<d a re  o b ta in e d  by the  r e l a t i o n s :
co
e j . O o J . i t  -J -pf  v ( *?—  A y
n  ,  s [ n c « o ) - i ) z +  fez c o )
K  C o )  =  -------------------------------------------------------
(6 .4)
(6 .5 )
where n(tc) and k(d*i) a r e  th e  r e a l  and imaginary p a r t s  of
i
[e^(o3 + i *n orc*e r  to  use the  Kramers-Kronig r e l a t i o n ,
( 6 . 4 ) ,  to  c a l c u l a t e  €^(u$i  i t  i s  n ec e s sa ry  to  know the  imaginary  p a r t  
o f  the d i e l e c t r i c  c o n s ta n t  fo r  a l l  e n e r g i e s .  On the  o t h e r  hand, i t  
i s  known t h a t  CgCw) d ec re a se s  monotonically as the  energy in c r e a s e s  
above the  energy  range in  which we c a l c u l a t e d  i t  e x p l i c i t l y  ( P h i l l i p p  
and E hren re ich ,  1963). Moreover,  th e  g en e ra l  shape o f  the  
r e f l e c t i v i t y  v s .  energy  curve does n o t  c r i t i c a l l y  depend on the 
va lu es  o f  ^ ( t d )  ^o r  ran9e energy over  6 eV. We a r t i f i c i a l l y  
e x t r a p o l a t e  the value  o f  ^ ( w )  f ° r th e  energy  over  6 eV in two 
extreme c a s e s :  (1) r a p i d l y  d e c re a s in g ,  (2) s low ly  d e c re a s in g ,  namely,
t 1) to o )  s  €* ( 6 )  • -exp C- 0 .4 3  eo )
6 *  C c O =  j o y  2
w £ a a ) / c o  jot £ < ^ £ 4 0 ^
( 2 )
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where the  energy to i s  measured in the u n i t  o f  eV. The corresponding 
curves fo r  the r e a l  p a r t  o f  the  d i e l e c t r i c  co n s ta n t  and the
r e f l e c t i v i t y  R(to) a re  given in F ig .  12 and F ig .  13, r e s p e c t i v e l y .
In F ig .  13, the r e f l e c t i v i t y  measured by Cardona (1961) a t  room 
temperature  i s  a l s o  given fo r  comparison.
From the  c a l c u l a t e d  r e f l e c t i v i t y  vs .  energy curve in F ig .  13, 
we observe peaks a t  0 .9  eV, 2 .1  eV, 2 .5  eV, 3.3 eV, 3.7  eV, 4 .3  eV, 
4 .8  eV,and 5 .6  eV. Most o f  them correspond very n i c e l y  to  the 
ex p e r im en ta l ly  observed peaks a t  2 .08 eV, 2.55 eV, 3 .74 eV, 4.33 eV, 
4 .70  eV and 5-70 eV. In the usual  i n t e r p r e t a t i o n ,  the  h ig h es t  
peak loca ted  a t  4 .33 eV i s  due to  the  leve l  s ep a ra t io n s
E(Xgc) -  E(X^v) and E(X^C) - £(Xgv) .  But c o n s u l t in g  the  c a l c u l a t e d
energy bands in F ig .  2, we see t h a t  the  h ig h e s t  peak in our c a l c u l a ­
t i o n  loca ted  a t  4 .3  eV i s  due to  a number o f  s e p a ra t i o n s ;
e» 6 c) '  E(X7v>- E<x6c> " E(x6v>' eCi 8c> '  E<r8v) * and
E® 3 c ’ -  Z^v) • In our c a l c u l a t e d  band s t r u c t u r e ,  the
leve l  s e p a ra t io n s  E(L^^) -  E( v > L^v) and E(i-^c ) ” are
and 2 .4  eV r a t h e r  than 1 .4  eV and 1.9 eV. The peaks corresponding
to  these  l ev e l  s e p a ra t i o n s  do not  appear in  the  c a lc u l a t e d
r e f l e c t i v i t y  cu rve .  They are be l ieved  to  be bur ied  in the shadow
of  more in t e n se  peaks around 2.1 eV and 2 .5  eV. Meanwhile a s l i g h t
prominence a t  1.3 eV i s  n o t ic e d  which might be due to
E<r6c> -  E<r7v) .
Experimental  measurements o f  the r e f l e c t i v i t y  a t  low temperature  
over a la rg e  range o f  photon e n e rg ie s  would be d e s i r a b l e  in o rde r  to  
permit  a Kramers-Kronig a n a ly s i s  t o  de termine <*2 d i r e c t l y  from
k l
e xpe r im en ta l  d a t a .  This  would enab le  a much more p r e c i s e  comparison 
between p s e u d o p o tn e t i a l  th e o ry  and exper im en t .
\
CHAPTER VI I 
PRESSURE DEPENDENCE OF THE BAND STRUCTURE
In t h i s  chap te r  we w i l l  cons ide r  the e f f e c t  o f  h y d r o s t a t i c  
p re ssu re  on the band s t r u c t u r e  o f  GaSb. This  i s  i n t e r e s t i n g  in view 
o f  the measurements o f  Kosicki e t  a l .  (1966a, 1966b). That work 
has determined exper imenta l  p re s su re  c o e f f i c i e n t s  o f  the th ree  
p r i n c i p a l  energy lev e l ,  s e p a ra t i o n s  E ( r^c ) -  E(Fgv) ,
E(Lgc ) “ E ( r6c) ,  E(X^c) -  E ( r 6c) . A c a l c u l a t i o n  o f  th ese  p re s su re  
c o e f f i c i e n t s '  p re sen ts  an i n t e r e s t i n g  cha l lenge  to  the  p seu d o p o te n t ia l  
method, s in ce  i t  i s  necessa ry  to  determine more completely the 
v a r i a t i o n  of  p seu d o p o te n t ia l  parameters  with  r e s p e c t  to  the 
r e c i p r o c a l  l a t t i c e  vec to r  K. P re v io u s ly ,  a number of  au thors  have 
i n v e s t i g a t e d  t h i s  ques t ion  fo r  Germanium and S i l i c o n  [F o ro f f  and 
Kleinman ( 1963) ,  Kleinman ( 1963) ,  Bassani and Brus t  ( 1963) ,
Cardona and P o l iak  (1966), Herman e t  a l  (1966)] .  Bassani and Brust  
(1963) in  p a r t i c u l a r ,  ob ta ined  an e xpress ion  fo r  the  change in  
p s eu d o p o te n t ia l  parameters  due to  the  change i n . l a t t i c e  parameter  by 
r e l a t i n g  the  p seu d o p o te n t ia l  parameters  to the OPW c a l c u l a t i o n .  In 
the  p re sen t  work, however, we followed a r a t h e r  d i f f e r e n t  approach 
to  o b ta in  the  change in  p seu d o p o te n t ia l  parameters  due to  the 
h y d r o s t a t i c  p r e s s u re .
In the  p re ssu re  range o f  the  p r a c t i c a l  i n t e r e s t ,  the  change in 
the l a t t i c e  parameter i s  reasonably  small  ( l e s s  than 1%) and i t  
should be a good approximation to assume t h a t  the p r o p e r t i e s  o f  the 
i n d iv id u a l  atoms in th e  c r y s t a l  remain unchanged under the  p ressu re
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in  the  expe r im en ta l  range .  This  c o n s id e r a t i o n  leads  us to  make
a b a s ic  assumption concern ing  the p re s s u re  dependence o f  the  pseudo-
H amil ton ian ,  t h a t  the c o n t r i b u t i o n s  from in d i v i d u a l  atoms are
independent  o f  the  p r e s s u re  e x e r t e d  on th e  c r y s t a l .  In t h i s
approximation we ignore  any p o s s ib l e  change in the  atomic s e l f -
c o n s i s t e n t  f i e l d .  The e x p re s s io n s  fo r  the  change in  m a t r ix  e lements
o f  th e  pseudo-Hamil tonian a r e  then o b ta in e d  from th e  r e l a t i o n  between
the  atomic pseudo-Hamiltonian and the  c r y s t a l  pseudo-Ham il ton ian .
The change in l a t t i c e  parameter  under p r e s s u re  i s  o b ta in ed  us ing  the
6 2 *1known c o m p r e s s i b i l i t y ,  (O.56 x 10 kg/cm ) f o r  GaSb.(Keyes, i 960) .
The dependence of  the  k i n e t i c  energy m a t r ix  e lements  on the 
l a t t i c e  parameter  a i s  s t r i g h t f o r w a r d .  We must de te rm ine  the 
dependence o f  the  p o t e n t i a l  parameters  on a .  Let *(r )  and 
v ^ ( r )  be the  atomic c o n t r i b u t i o n s  to  t h e  l o c a l  p s e u d o p o te n t i a l  from 
the  two kinds  o f  atoms, G a ( l l l )  and Sb(V). These are  assumed to  
be s p h e r i c a l l y  symmetric .  The lo c a l  p s e u d o p o te n t i a l  parameters  V (K) 
and V^(K) in  (3 .6 )  a re  r e l a t e d  to  v***(r )  and v^ ( r )  by
(7 .1 )
v \ k ) =  ^  ^ / ( O ]
c
We n o t i c e  here  t h a t  the l a t t i c e  parameter  dependence o f  V (K) and
VA(K) comes through Q and K which a r e  r e l a t e d  to  th e  l a t t i c e  parameter  
a by
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&  =  n , , ^ )t|- » ' - C L  * *
S Awhere Nx , and N2 a re  i n t e g e r s .  V and V are  fu n c t io n s  o f  the
magnitude of  K on ly .  We th e r e fo r e  ob ta in
S




Let us co n s id e r  the  i n t e g r a l ,  with v ( r )  r e p re s e n t in g  e i t h e r  v ^ * ( r )
C r )
. (7 .3)
i < ’ * ,3
o r  vV( r ) ,
£  J « ‘ K  v
=■ ~  f  vcr) cos LKr) ^ d . r -  " vu)«*-V
The second term is  j u s t  the lo c a l  p seudopo ten t ia l  o f  ( 7 . 1 ) .  However, 
an e x p l i c i t  f u n c t io n a l  form fo r  v ( r ) , the  atomic c o n t r ib u t io n  to  the 
l o c a l  p seu d o p o te n t i a l ,  i s  needed to  e v a lu a te  the f i r s t  term. To 
o b ta in  v ( r ) ,  i t  i s  not s u f f i c i e n t  j u s t  to  know the  loca l  pseudo­
p o t e n t i a l  parameters  because we do not  have the  Four ie r  
c o e f f i c i e n t s  V(cj) fo r  cases  in  which c[ i s  not  a r e c i p r o c a l  l a t t i c e  
v e c to r .  There a re ,  in  p r i n c i p l e ,  many d i f f e r e n t  s e t s  o f  lo ca l  
atomic p seu d o p o ten t ia l  v 111^ )  and vV( r ) ,  which y i e l d  the same s e t  
o f  the  lo ca l  p seu d o p o te n t ia l  parameters .  We are  t h e r e fo r e  in  need
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of  a d d i t i o n a l  information  about the loca l  p s eu d o p o te n t ia l  to  c a l c u l a t e  
the  p re s su re  e f f e c t s .  In p r a c t i c e ,  however, i t  i s  almost  impossible  
to  f in d  a s i n g l e  s e t  o f  the atomic p seu d o p o te n t ia l s  e x a c t l y  reproducing 
the lo c a l  p seu d o p o te n t ia l  parameters  we a l r e ad y  have determined.  We 
w i l l  t h e r e fo r e  choose an e x p l i c i t  fu n c t io n  f o r  v ( r )  according  to  the 
fo l lowing  two c r i t e r i a :
(1) The f u n c t io n a l  form o f  v ( r )  should be p h y s ic a l l y  reasonab le .
(2) The lo ca l  p seu d o p o te n t ia l  parameters  produced by v ( r )  should 
be in  good agreement with a l read y  determined va lues ,  o r ,  e q u iv a l ­
e n t l y ,  the c a l c u l a t e d  band s t r u c t u r e  us ing  t h i s  new v ( r )
should  agree with p re v io u s ly  c a l c u l a t e d  one using the  known 
param eters .
We have assumed the  atomic lo c a l  p seu d o p o ten t ia l  to  be in the 
form ( in  atomic u n i t s )
k  - ® lr ZlL  - C rvirt = —  e  -  —  e  (iA)
fo r  r ^ r  , where Z i s  the  charge o f  the  core and r i s  a smal l  o o
d i s t a n c e  l e s s  than the  core  r a d i u s .  For r<r  . we a r t i f i c i a l l y  s e to
V CO -  p  +■ Q * *  (7 .5 )
to  avoid the  s i n g u l a r i t y  a t  r=0.  The f i r s t  term in Eq. (5 .4)  is  
roughly regarded as the r e p u l s iv e  p o t e n t i a l  due to  o r th o g o n a l i z a t io n  
while  the second term i s  a s l i g h t l y  screened form (with C«B) o f  the 
Coulomb p o t e n t i a l  due to  the  core  charge .  The c o e f f i c i e n t s  P and Q
are determined by the  co.-.uinuity c o n d i t io n s  a t  r= rQ and th e r e fo r e  
not  considered to  be a d ju s t a b l e  c o n s t a n t s .  We can then e v a lu a te  
the  d e s i r e d  i n t e g r a l
with the parameters A, B, C, r Q which are  s t i l l  to  be determined 
from the  second c r i t e r i o n  l i s t e d  above.
The parameters  A, B, C, rQ d e f in e  a model lo c a l  p s e u d o p o te n t i a l .  
The lo c a l  p a r t  of  the c r y s t a l  p seudopo ten t ia l  i s  the  sum o f  the 
assumed lo c a l  atomic p seu d o p o ten t ia l s  o f  (7**0 and (7*5) A temporary 
s e t  o f  the  parameters  A, B, C, r^ a re  determined such t h a t  the  
Four ie r  c o e f f i c i e n t s  o f  the model lo c a l  p seu d o p o te n t ia l  y i e l d  the  
n e a r e s t  p o s s ib le  va lues  to  those  o f  the  a c tu a l  lo c a l  p s e u d o p o te n t ia l .  
The l a r g e s t  d isagreement between these  two s e t s  o f  the  Four ie r  
c o e f f i c i e n t s  turned  o u t  to be o rde r  o f  0 .03  ( 15% o f  the  l a r g e s t  loca l  
p seu d o p o te n t ia l  p a r a m e te r s ) . We then r e a d j u s t  the values  o f  A, B, C, 
rQ in a way s im i l a r  to  t h a t  descr ibed  in  Sec.  I I I .  We c a l c u l a t e  the 
band s t r u c t u r e  w i th o u t  inc lud ing  the s p i n - o r b i t  i n t e r a c t i o n ,  using 
the model lo ca l  p s e u d o p o te n t ia l  in s t e a d  of  the a c tu a l  loca l  pseudo­
p o t e n t i a l  ( th e  k i n e t i c  energy and the nonlocal  p seudopo ten t ia l  p a r t s  
remaining the same as determined in Chapter IV). We have repea ted
u n t i l  the r e s u l t i n g  band s t r u c t u r e  tu rns  o u t  to be in  a reasonable  
agreement with the corresponding  band s t r u c t u r e  c a l c u l a t e d  by the 
a c tu a l  p s e u d o p o te n t i a l .  The four  parameters  in the model lo ca l  
pseu d o p o te n t ia l  we have determined a re  l i s t e d  in Table IX. In Table X,
t h i s  band c a l c u l a t i o n  varying the  va lues  o f  the parameters  A, B, C, r Q
some c h a r a c t e r i s t i c s  o f  the  band s t r u c t u r e  as  c a l c u l a t e d  n e g le c t in g  
s p i n - o r b i t  coup l ing  a r e  p r e se n te d  and compared with  those  o f  pseudo­
p o t e n t i a l  de termined in  Chapter  IV. (.As the  case  o f  Chapter  Vi* we 
have used th e  pseudo-Hamiltonian parameters  l i s t e d  in Table  VIII  r a t h e r  
than those  in Table  I in  t h i s  Chap te r . )
Since we have used the  t i g h t  b ind ing  approximation, fo r  th e  c r y s t a l  
c o re  s t a t e s  in  the  c a l c u l a t i o n  o f  the  non loca l  p s e u d o p o te n t i a l  and 
p s e u d o - s p i n - o r b i t  i n t e r a c t i o n ,  we can e a s i l y  r e l a t e  the param eters  
o f  the  non loca l  p s e u d o p o te n t i a l  and p s e u d o - s p i n - o r b i t  i n t e r a c t i o n  to  
those  of  the  co r respond ing  atomic pseudo-Hamil tonians  which are  
assumed to  be p r e s s u r e  independen t .  The l a t t i c e  parameter  dependence 
o f  the  non lo ca l  p s u e d o p o te n t i a l  m a t r ix  e lem ents  given in (3-8)  comes
where a '  i s  the  changed l a t t i c e  parameter  due to  t h e  p r e s s u r e ,  i t
r ea so n ab le  approximation ,  p r o p o r t i o n a l  to  [k+K|^ and t h e r e f o r e ,
o n ly  through such f a c t o r s  as * ( , | | ) and
The parameter  wj / * ,  fo r  example, i s  r e l a t e d  t o  G***,  which i s
A* At
c o n s id e red  t o  be independent  o f  the  p r e s s u r e ,  by
W j ,  =   g _   Q * .
E t  4TT C a - J U i )
with  0  being a / k .  T h e re fo re ,  the  n o n lo ca l  param eters  under p r e s s u re
I I I 1 V1and a r e  o b ta in e d  by ,
i s  known t h a t  (Weisz, 1966) B^11 (jjk+Kj | )  and B^( |k+K . | )  a r e ,  in  a
B f u f e + j c i i )  = ( f / B j u f e + K i i )  
where the  primed q u a n t i t i e s  a re  changed values  due to  the p ressu re ,
Almost the same argument i s  he ld  fo r  the p s e u d o - s p in -o r b i t  matr ix
S Aelements  given in (3 -1 1 ) .  The s p i n - o r b i t  parameters  X and X are
S' A1changed to  X and X as
Xs ' = ( £ )  Xs  .
The l a t t i c e  parameter  dependence o f  the  m a t r ix  elements  in Eq. (2 .9)
i
th ro u g h . th e  f a c t o r s  such as (k+K.) i s  obv ious .
Edwards and Drickamer (1961) ob ta ined  a value 12.0x10 ^ eV/bar 
f o r  , the  p re s s u re  c o e f f i c i e n t  o f  the
fundamental  o p t i c a l  gap, by measuring the  s h i f t  o f  the  o p t i c a l  
a b s o r p t io n .  More r e c e n t l y  Kosicki  ( 1967) measured t h i s  p re ssu re  
c o e f f i c i e n t  and ob ta in ed  a value 14.5x10 e v / b a r .  For the  p r e s s u re  
c o e f f i c i e n t  o f  the  energy leve l  s e p a ra t i o n  between the  conduction 
band minima loca ted  a t  L and r ,E (L ^ c) -  E( rgc ) ,  Sagar ( i 960) 
e s t im a te d  a value - 10x 10 0 e v /b a r  to  e x p la in  the measured p re ssu re  
dependences'i-of Hall  e f f e c t  and c o n d u c t iv i t y .  This  value has been 
conformed by Keyes and P o l iak  ( i 960) who exp la ined  the p re ssu re  e f f e c t  
on P i e z o r e s i s t a n c e .  F i n a l l y ,  fo r  the p re ssu re  c o e f f i c i e n t  o f  the 
energy s e p a ra t io n  E(Xgc) " E ( r^c) ,  no d i r e c t  exper im enta l  in form at ion  
i s  a v a i l a b l e .  Paul,  ( I 96I) however, summarized a l l  the p re s su re  
c o e f f i c i e n t s  o f  the  energy bands o f  IV and I 11-V semiconductors and 
concluded t h a t  the  p r e s s u re  c o e f f i c i e n t  of  X minimum was nega t ive ,
A C E C X tj -E i r t . ) ]  ACEcrtc)-Ecr8vflwhich means t h a t
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The c a l c u l a t e d  p r e s s u r e  c o e f f i c i e n t s  f o r  t h i s  th re e  energy 
s e p a ra t i o n  a re  given in Table  V, t o g e t h e r  w ith  the  e xpe r im en ta l  va lues  
e s t im a te d  by Kosicki  e t  a l .  ( 1966b ) .  In t h i s  c a l c u l a t i o n ,  we have 
proceeded s t r a i g h t f o r w a r d l y  from th e  b a s ic  assumption we have made 
a t  the beg in n in g .  The o n ly  n o n t r i v i a l  approximation  made in  the  
p rocess  was the  use o f  th e  model l o c a l  p s e u d o -p o te n t i a l  which d id  not 
e x a c t l y  ag ree  with th e  a c t u a l  lo c a l  p s e u d o p o te n t i a l .  From (7-2)  and 
( 7 . 3 ) ,  i t  i s  observed  t h a t  the term c o n ta in in g  the  model l o c a l  
p s e u d o p o te n t i a l  c o n t r i b u t e s  to  the  p r e s s u re  dependence o f  lo c a l  
p s e u d o p o te n t i a l  o n ly  in a small f r a c t i o n .  T h e re fo re ,  t h e  accuracy  
o f  the  model p s e u d o p o te n t i a l  i s  n o t  f e l t  s e n s i t i v e l y  a t  the  f i n a l  
r e s u l t .
CHAPTER VIII 
CONCLUSION
In the p re se n t  i n v e s t i g a t i o n ,  we have c o n s t ru c te d  a pseudo- 
Hamiltonian and determined i t s  parameters  using exper imenta l  
in fo rm at ion .  This c a l c u l a t i o n  does have the d isadvantage  t h a t  th e r e  
a re  a la rge  number of  parameters  to  be determined (14 in the p re se n t  
c a s e ) .  I t  i s  no t  p o s s ib le  to  exp lo re  s y s t e m a t i c a l l y  the  e f f e c t  o f  
a l l  p o s s ib le  parameter  v a r i a t i o n s  on the band s t r u c t u r e  in a
i
reasonable  amount o f  computer t ime.  The re fo re ,  t h e r e  i s  a d e f i n i t e  
p o s s i b i l i t y  t h a t  the  ob ta in ed  r e s u l t s  make an a c c id e n ta l  agreement 
with experiment only  fo r  the  q u a n t i t i e s  taken as r e fe ren ces  in the 
parameter  determining procedure .  But t h i s  p o s s i b i l i t y  reduces 
r a p id ly  as we in c re a se  the  number o f  re fe ren c e  v a lu e s .  I t  i s  not 
easy ,  however, to e s t im a te  the n e cessa ry  number o f  r e fe re n c e  values  
to  determine a given number o f  param eters .  One th ing  t h a t  i s  
obvious from our exper ience  i s  t h a t  i t  i s  f a r  from t r i v i a l  to  o b ta in  
a band s t r u c t u r e  which w i l l  agree with experiment fo r  a given 
number o f  re fe re n ce  values  using the  same number o f  a d ju s t a b l e  
param eters .  This  i s  e s p e c i a l l y  t ru e  fo r  the case  in which one has 
a la rge  number o f  parameters  to  de termine .
In our  c a l c u l a t i o n ,  we s e t  up almost  equal  number of  r e fe ren ce  
values  as the number o f  a d ju s t a b l e  parameters  in  the parameter  
determining procedure ,  and ob ta ined  e x c e l l e n t  agreements between the 
c a l c u l a t i o n  and experiment excep t  f o r  a few q u a n t i t i e s  whose 
exper imental  r e s u l t s  a r e  s u b je c t  to  some u n c e r t a i n t y .  The r e s u l t s
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of  the a n a ly s i s  o f  e f f e c t i v e  mass, o p t i c a l  p r o p e r t i e s ,  and p re ssu re  
dependence of  the  band s t r u c t u r e  provide  a d d i t i o n a l  and d e c i s iv e  
j u s t i f i c a t i o n s  fo r  our c a l c u l a t e d  energy bands.
The p re sen t  c a l c u l a t i o n  i s ,  however, s u b je c t  to  f u r t h e r  
re f inement  as more r e l i a b l e  and p r e c i s e  exper im enta l  in form at ion  i s  
advanced in the f u t u r e .  In p a r t i c u l a r ,  the f u r t h e r  exper imenta l  
i n v e s t i g a t i o n  o f  the  r e f l e c t i v i t y  would be of  g r e a t  value in a s se s s in g  
the  accuracy o f  the  c a l c u l a t i o n .  At p r e se n t ,  t h i s  c a l c u l a t i o n  
provides  many aspec ts  o f  information  concerning the  energy band 
s t r u c t u r e  of  GaSb with a p r e c i s io n  comparable to  most o f  the  
p r e se n t  exper im enta l  measurements.  At the same time, we conclude t h a t  
the em p i r ica l  p s eu d o p o te n t ia l  method can give a r a t h e r  good f i t  to  a 
band s t r u c t u r e  whose bas ic  f e a tu re s  a re  e s t a b l i s h e d  with some 
p r e c i s i o n .
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TABLE I
Pseudo-Hamiltonian parameters  in  atomic u n i t s
Local Parameters Nonlocal Parameters
“I  ' -0 .199 wj" . - 0.0018
*5
0.090 “ 1 " - 0.0010
vi 0.026 w" '2 - 0.0012
v§ 0.015 - 2 - 0.0025
v n 0.045 - 0.0035
0.030 -Z
-0 .0006
S p i n - o r b i t  pa ram eters
0.0072 0 .0012
TABLE I I
Some important  energy leve l  s e p a ra t io n s  and e f f e c t i v e  mass in 
GaSb. The energy l e v e l s  a re  des igna ted  according to  the 
convent iona l  double group n o t a t i o n s .  The energy values  are  
given in e l e c t r o n  v o l t s .
Ca lcu la ted Experimental
r 6c - r 8v 0.81 0.81
r 8 c ’r 7c‘ r 8v 4 .2 6 ,3 .8 2 3.74
r 8v"r 7v 0.78 0.78
^"6c "̂4v 1.98 /  1.4 \  **
~̂6 c  *"6v 2.42 \  1 . 9 /
^4c’ L6c“*'4v
5 .7 1 ,5 .4 8
5.7
L4 c * ^ 6 c '"Bv 6 .1 5 ,5 .9 2
X6c"X7 V X6v 4 .2 6 ,4 .3 0 4.33
X7 c ' X6c 0.38 0.37
4 c  - \ v
j _ v
2.1 2.08
\ , c  ‘ A6v 2.6 2.55
L6c-r Sc 0.08 0.08
X ô o J
*
o 0 .32 0.3
m' X c > 0.040 mo 0.040 mo
** The i n t e r p r e t a t i o n  of  th ese  p a i r  of  f a i n t  peaks in the 
r e f l e c t i v i t y  spectrum i s  not  well  e s t a b l i s h e d .
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TABLE I I I
j. m
Energy values  of  the  conduct ion band near k=0. E (k) and E (k)o o«*
r e p re s e n t  the  upper sp in  band and lower sp in  band ob ta in ed  by
energy band c a l c u l a t i o n ;  E (k) and E (k) a re  the  corresponding
energy values  ob ta ined  by l e a s t  square p rocedure .  The u n i t  of  k 
in t h i s  t a b l e  i s  112x ( a / 2fi-) t imes the atomic u n i t  of  k»
k E~(k) E"(k) E'J'(k) E*(k)— O '* rJ O r* •—
1, 0 ,0 0.008089 0.008088 0.008089 O.OO8O89
2 , 0 ,0 0.031654 0.031644 0.031654 0.031648
3 , 0 ,0 0.068626 0.068646 0.068626 0.068651
4 ,0 ,0 0.116121 0.116096 0.116121 0.116033
1, 1,0 O.OI5970 0.015988 0.016095 0.016106
2 , 1,0 0.038942 0.038946 0.039311 0.039304
3 , 1,0 0.075034 0.075024 0.075753 0.075750
4 , 1 ,0 0.121360 0.121392 0.122465 0.122535
2 , 2 ,0 0.060480 0.060429 0.061363 0.061296
3 , 2 ,0 0.094305 0.094332 0.095842 0.095880
4 , 2 ,0 0.138251 0.138287 0.140532 0.140572
3 ,3 ,0 0.125236 0.125236 0.127734 0.127709
1, 1,1 0.023847 0.023832 0.023847 0.023844
2 , 1,1 0.046301 0.046275 0.046644 0.046610
3 ,1 ,1 0.081543 0.081580 0.082382 0.082432
M ,1 0.127120 0.127077 0.128539 0.128514
2 , 2 , 1 0.067416 0.067423 0.068065 0.068079
3 ,2 ,1 0.100701 O.IOO699 0.102040 0.102056
3 ,3 ,1 0.131199 0.131172 0.133395 0.133367
2 , 2 ,2 0.087834 0.087890 0.087834 0.087871
3 ,2 ,2 O . I I 9368 0.119338 0.120321 ’ 0.120292
TABLE IV
6 4
C o e f f i c i e n t s  o f  the  energy expansion given by ( 5 . 8 ) .  The u n i t  of  
J< used in  t h i s  expansion i s  10x(a/27r) t imes the atomic u n i t  of  k.  
The energy va lues  in  t h i s  expansion a re  given in e l e c t r o n  v o l t s .
Conduction Band Light hole  band Heavy hole  
band
Spli t - o f f  
bandLower Upper Upper Lower
EU )
2 1.0222 1.0222 0.8556 0.8555 0.1197 0.2374
r (2) 
2 0.0117 0.0136 0.2871 0.2793 -0.2311 0.0193
E3 -0.0578 0.0533 0.1068 -0.0853 0 .0 -0.0479
E(1)E4 - 1 . 1 k lk -1 .1478 -1.0116 -0.9891 0.0733 0.2737
e (2)E4 0.0840 0.0870 0.0603 0.0459 0.0595 -0.0085
E( l )
E6 1.2534 1.1308 0.5309 0.5833 -0.2525 - 0.6566
e (2)H
■ o ■ o "J -0 .2716 0.0470 0.1033 -0.2655 0.0217
p(3)
6 0.0266 -O.OO83 -0.0299 -0.0473 -0.0028 -0.0548
6 5
TABLE V
Comparison of  c a l c u l a t e d  e f f e c t i v e  masses with e x p e r im e n ta l ly  





(m'Vm )x l0 ^V O





[1 0 0 ]  [110] [111]
0.031 4 .2 ± 0 .6  a 4.240 4.252 4.266 4 ,1 9 7 4.218 4 .2 1 4
0.035 3 .9 ± 0 .4 ,4 .1 ± 0 .6  a 4.278 4 .292 4.307 4 .231 4.256 4.252
0.044 3 .9±0 .5  a 4.364 4.385 4.404 4.311 4.344 4 .339
0.046 4 .9 ± 0 .5  b 4.384 4.406 4.425 4 .3 2 9 4.364 4 .359
0.050 4 .4d t0 .6 ,4 .3±0 .3  a 4 .424 4 .449 4.469 4 .366 4.404 4 .3 9 9
0.067 4 .7 ± 0 .3  c 4.597 4 .6 3 4 4.660 4 .526 4.579 4 .575
0.080 5 .2±0 .2  d 4.734 4 .782 4.813 4 .6 5 5 4.720 4 .7 1 6
* Values o f  Fermi energy a re  taken from Yep and Becker ( 1966) 
a Yep and Becker ( I 966) 
b P i l l e r  ( 1963) 
c Zwerdling e t  a l .  (19.53) 
d Becker e t  a l .  (1961)
TABLE VI
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Anisotropy o f  conduction band e f f e c t i v e  mass. The exper im enta l  
values a re  taken  from S e i l e r  and Becker (19&9) .
D irec t ion Experimental
(m*/mo) x l 0 2
V' 2 C a lcu la ted  (m/nv , )x l0
Lower band Upper band
[100] 4.66±0.08 4 .660 4 .660
[110] 4.69^0.06 4.701 4 .725
[ H I ] 4.74*0.07 4.730 4 .722
TABLE VI I
Comparison o f  c a l c u l a t e d  heavy hole  masses with exper imenta l  v a lu e s .
D irec t io n Experimental m*/mo VfC alcu la ted  m /mo
[100] 0.36±0.03 0.61
[110] 0 .36±0.03 ,0 .38±0.03 0.62
[ H I ] 0.26±0.04 0.44
TABLE VI I I
Pseudo-Hamiltonian parameters  in atomic u n i t s .  These parameters 
were used in  Chapters VI and VII .
Local Parameters Nonlocal Parameters
*5 - 0.193 . wj" -0 .0018
0.088 wi‘> -0.0010
< 0.029 w"‘2 -0.0011
4 0.015 < - 0.0027
Ai O.Olflf - 0.0032
0.030 < -0.0006




Parameters  o f  the model lo c a l  p se u d o p o te n t ia l s  f o r  Ga and Sb 








Band s t r u c t u r e  c a l c u l a t e d  by model p s eu d o p o te n t ia l  and by a c tu a l  
p s e u d o p o te n t i a l .  S p i n - o r b i t  i n t e r a c t i o n  i s  not  inc luded ,  The 
energy l e v e l s  are  d es igna te d  according to the conven t iona l  
s in g l e  group n o t a t i o n s .  The energy values  are given in e l e c t r o n  
v o l t s .
By model By a c tu a l
pseu d o p o ten t ia l  p seu d o p o ten t ia l
r  - r vj-i j. 15 0 .63 0.91
^5-ri - 2 . 9 8 3.31
LrL3 1.85 1 .99
L3"L1
3 .26 3 .61
V X5 3.63 3 .85
x3- x 1 0 .17 0 .3 9
Lrri 0.15 0 .08
xrri 0 .16 0.31
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TABLE XI
P ressure  c o e f f i c i e n t s  of  some o f  the importan t  energy leve l  
s e p a r a t i o n s .  The exper imenta l  values  are from Kosicki e t  al„  ( 1966b)
dE/dP C alcu la ted Experimental
r 6c“r 8v
L6c"r 6c
X6 c ' r 6c
12 .7x l0”6eV/bar 






F ig .  1 
F ig .  2
F ig .  3
F ig .  k 
F ig-  5 
F ig .  6 
F ig .  7
F ig .  8
F ig .  9 
F ig .  1
Procedure  o f  de te rm in ing  pseudo-Hamil tonian parameters  
and c a l c u l a t i n g  band s t r u c t u r e .
C a lc u la t e d  energy bands o f  GaSb along im por tan t  symmetry 
a x e s .  The energy l e v e l s  a r e  d e s ig n a te d  according  to  the 
c o n v en t io n a l  double group n o t a t i o n s . -
E f f e c t i v e  mass versus  Fermi energy f o r  conduct ion  band. 
S o l id  l i n e s  and dashed l i n e s  r e p r e s e n t  lower band and 
upper band, r e s p e c t i v e l y ,  which a r e  s p l i t  due to  in v e r s io n  
asymmetry. The va lues  o f  the  upper band e f f e c t i v e  mass in  
C l lO ^ d i rec t io n  and [1 1 1 )d i r e c t io n  a re  almost  i d e n t i c a l  and 
t h e r e f o r e  a re  no t  shown s e p a r a t e l y .
E f f e c t i v e  mass ve rsu s  Fermi energy f o r  l i g h t  ho le  band.
E f f e c t i v e  mass versus  Fermi energy f o r  heavy ho le  band.
E f f e c t i v e  mass versus  Fermi energy f o r  s p l i t - o f f  band.
E f f e c t i v e  mass versus  c a r r i e r  c o n c e n t r a t i o n  fo r  conduct ion
band. Dashed l i n e s  r e p r e s e n t  the  c a se  in  which the  e f f e c t  
o f  th e  L minima i s  n e g l e c t e d .
E f f e c t i v e  mass versus  c a r r i e r  c o n c e n t r a t i o n  f o r  l i g h t  hold 
band .
E f f e c t i v e  mass versus  c a r r i e r  c o n c e n t r a t i o n  fo r  heavy hole  
band .
E f f e c t i v e  mass de f ined  by (5 .17)  v e rsu s  c a r r i e r  c o n c e n t r a ­
t i o n  fo r  conduct ion  band. Dashed l i n e s  r e p re s e n t  th e  case  
in  which the  e f f e c t  o f  th e  L minima i s  n e g le c t e d .
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Fig- 11. Imaginary p a r t  o f  the  d i e l e c t r i c  c o n s t a n t  o f  GaSb. The
dots  r e p r e s e n t  a c t u a l l y  c a l c u l a t e d  va lues  and the  l i n e
connects  the  dots  avo id ing  the  unnecessary  s t a t i s t i c a l  
n o i s e .
F ig .  12. Real p a r t  o f  th e  d i e l e c t r i c  c o n s ta n t  o f  GaSb. The s o l i d
l i n e  i s  o b ta in e d  by the  e x t r a p o l a t i o n  (1) o f  e2 (w) and
the  dashed l i n e  i s  o b ta in e d  by the  e x t r a p o l a t i o n  (2) 
o f  e2 (o:).
F ig .  13. ' R e f l e c t i v i t y  o f  GaSb as a f u n c t io n  o f  photon energy .
The s o l i d  l i n e  i s  o b ta in e d  by the  e x t r a p o l a t i o n  (1) 
of  e2 (di) ar|d the  dashed l i n e  i s  o b ta in e d  by the  e x t r a ­
p o la t i o n  (2) o f  e 2 (io). The do ts  r e p r e s e n t  Cardona 's  
measurement w ith  n - ty p e  GaSb sample.
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STRUCTURE FACTORS IN Z1NC-BLENDE STRUCTURE
Let us d e f in e  t h e  p lane wave s t a t e s  Ik, K , R . > a s s o c i a t e d
w ith  t h e  r e c i p r o c a l  l a t t i c e  v e c to r  and the  p o s i t i o n  v ec to r  o f  an
atomic  s i t e  R . ,
-V,J by
(A-D
~  ~  ~ r  V n S
where N i s  the  t o t a l  number o f  u n i t  c e l l s  in  the  whole c r y s t a l  and
£2 i s  th e  volume o f  the  u n i t  c e l l ,  f1 r e p r e s e n t s  th e  l a t t i c e  p o in t
in the  f a c e  c en te red  cub ic  s t r u c t u r e  and j  denotes  the  s i t e s  o f  the
two d i f f e r e n t  atoms in  the  u n i t  c e l l .
Let W be an o p e r a t o r  (non loc a l  in  g e n e ra l )  exp ressed  as summation





where W.(R . )  have such a p r o p e r ty  t h a t  the  m a t r ix  e lements  
J
<5■■ 5 " • I n  IWj < - )  I k  £ » ' ,  \ > 5  77 W j i*. K„, K*')  0 3 )
a re  independent  o f  th e  l a t t i c e  index  jn.
Let us s p e c i fy  th e  v ec to r  R . in  such a way t h a t
~ tiJ  1
87
where Ru i s  the  r e a l  l a t t i c e  v e c t o r .  Then the  m a t r ix  e lement  of  
W can be w r i t t e n  as
< fe. S "  I W I jj . Kyi' > 3  < fe , K v i ,  K. \W | %, >
= Z <&. .5-1 Wj \ js,jc,*. R. >
n i j
=  z  ^  < * , * * , M ^ i >
= S i U v - K » ) W 1 l l ( , l ! , J t O ) + S 4 CC-K -,)W 1 (.fe1Kv,,K:v)tA-5)
where th e  s t r u c t u r e  f a c t o r s  S,(K , -  K ) and S-(K 1 -  K ) a re  def ined
1 ' - t i 1 ~ n ' 2 -hi ~ n
S4CK.'-k,)-  e i t ^ - £ . V I
- i  (.£■»'- KVi’) 1 T (A-6)
$ 2  r o  =  £  ~  -  ~
I f  we f u r t h e r  in t ro d u c e  the  symmetric and an t isym m etr ic  components as
S H K )  = - H S 1. < . ) S ) - v S l t K ) 3 =  c o s t S - t )
(A~7)
S AU ) =  - j C  S i  < • £ > - $ *  < •£ )) = s;vi t K . r )
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and
---------------    CA-8)
W ft (.fe, Kv,, K„0 =  W i (.fe, K„, K »')- Wi (.-tf, K„.K„')
V v ^  ■" ^  —■ /V
we ob ta in
Kw \ w  \ k ,, ICw ^
(A“9)
= S s  t  K „" K«) Ws  ( f t ,  K», tc„') +  t S AC Krf-  K„) WA de, tC, fc.0
( V  ^  «  " >  «  M  * W  W  M  A f
We observe t h a t  the  m atr ix  elements  o f  a genera l  o p e ra to r  W, which 
s a t i s f i e s  the above mentioned c o n d i t io n s ,  can be expressed  as a 
l i n e a r  combination of  i t s  atomic components in  a s p e c i f i c  way 
given in (A-5) or  (A-9) inc lud ing  the s t r u c t u r e  f a c t o r s .  We w i l l  
only  cons ide r  the  simple l a t t i c e  in the  fo l lowing Appendices j u s t  
to  avoid the com plica t ions  due to  the  s t r u c t u r e  o f  the  c e l l s .  But 
a l l  the  r e s u l t s  a re  t r i v i a l l y  extended f o r  the z in c -b len d e  s t r u c t u r e  
i f  we take  i n to  account the  above arguments.
APPENDIX B 
SOME PROPERTIES OF PROJECTION OPERATOR
We prove here  two s imple lemmas concerning the  p r o j e c t i o n  
o p e r a t o r  we have used in  Chapter II and Chapter  I I I .  These lemmas 
r e l a t e  the  c r y s t a l  p s e u d o p o te n t i a l  t o  th e  atomic  p s e u d o p o te n t i a l s .
Let N be th e  t o t a l  number o f  u n i t  c e l l s  in  the  whole c r y s t a l  
and d e f in e  th e  Wannier f u n c t io n  la .  > a s s o c i a t e d  with  th e  l a t t i c e  
s i t e  R in  terms o f  Bloch s t a t e s  |v>t |c> by
r  te
The in v e r se  r e l a t i o n  i s  e a s i l y  seen to  be
I I ^  U |
Def ine  a l s o  th e  p lane  wave s t a t e s  |k ,  K , R >  a s s o c i a t e d  with the  r  ~ n ’
r e c i p r o c a l  l a t t i c e  v ec to r .K  and l a t t i c e  s i t e  R by
. . . .
/V # I
v N f t  J
Now, d e f in e  t h e  g e n e r a l i z e d  p r o j e c t i o n  o p e r a t o r s  and assoc ia ted ,
w i th  the  Bloch s t a t e s . a n d  Wannier s t a t e s ,  r e s p e c t i v e l y ,
* f c - ?  F* ' t i f e X f t f e l
gO
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with the  same s e t  o f  c o n s ta n ts  F in both c a s e s .  
Then we have the fo l lowing lemma.
LEMMA I
Ko > - X  (b-6)
yU
Proof:  Let R = 0 fo r  convenience.
(.1?, Ky\* \ Qfe \ * K-n', o ^
=  Z  F t  < £ *  4 * f e  I j j .  £,'’ ' < £ «  >
* 2  [ e i. CL**' | fe, Kv>*, t .V j
=  J r  Z  F* 2  [ e ' ^ ' V  < f e , K , . ^ | 0.¥ y )
N  * * /*•
A
/*
In the  l a s t  s t e p ,  we have used the  f a c t  t h a t  <a ‘ . Ik .K , ,R ,>t n '  ~ n ‘ ~u
i s  independent o f  R . Q.E.D.
Let the o p e ra to r  U be the  summation o f  U which i s  a s so c ia t e d
u
with a l a t t i c e  s i t e  R , wi th  the  p roper ty
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/ *
We then have the  second lemma. 
LEMMA II
u  1 > =  X  U a '  1 > = 1 ^ 1 (B-7)
^  fo ,  K n ,  K 0 \ ^V JC L it  *  Q - l e U  )  1 ^ *  ^ V1#J ^
"  ^  ^  * Km <> B/ 4 ^
/ *
Cb-8)
The proof  o f  t h i s  lemma i s  very s i m i l a r  to  t h a t  o f  th e  p rev ious  
one and w i l l  n o t  be g iven  h e r e .
We n o t i c e  t h a t  t h e  non loca l  p s e u d o p o te n t i a l  d e f in ed  in  (3*3) 
has  e x a c t l y  the form o f  the  g e n e r a l i z e d  p r o j e c t i o n  o p e r a t o r  o f  
(B - 4 ) . In the  t i g h t  b inding  approximation ,  the Wannier s t a t e s  in  
(B- l)  reduce to  t h e  atomic s t a t e s  and, co n seq u en t ly ,  t h e  p r o j e c t i o n  
o p e r a t o r  de f ined  in  (B-5) becomes the  atomic non loca l  p s e u d o p o te n t i a l .  
T h e re fo re ,  in  the l i m i t  o f  th e  t i g h t  b ind ing  approximation ,  LEMMA I 
i s  i n t e r p r e t e d  t h a t  t h e  c r y s t a l  non lo ca l  p s e u d o p o te n t i a l  i s  o b ta in e d  
by the  summation o f  th e  atomic non loca l  p s e u d o p o te n t i a l s  over  a l l  
the  l a t t i c e  s i t e s .  The f a c t  t h a t  the  same s e t  o f  c o n s ta n t s  appears
in  both c r y s t a l  and atomic no n lo ca l  p s e u d o p o te n t i a l  should  be n o te d .
SThe s p i n - o r b i t  i n t e r a c t i o n  H in  (3 .9 )  has the p r o p e r t i e s  o f  
the  o p e r a t o r  U in (B-7) s in c e  in  a good approximation  i t  s a t i s f i e s
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and the second term o f  p s e u d o - s p i n - o r b i t  i n t e r a c t i o n  in (3.^-) has 
the  form of  + t y j .  LEMMA II then  reads  t h a t ,  in  t i g h t  b inding 
approximation ,  the c r y s t a l  p s e u d o - s p i n - o r b i t  i n t e r a c t i o n  i s  ob ta in ed  
by the  summation o f  the  atomic p s e u d o - s p i n - o r b i t  i n t e r a c t i o n  over  
a l l  th e  l a t t i c e  s i t e s .
APPENDIX C
CANCELLATION PROPERTY OF PSEUDO-SPIN-ORB IT INTERACTION
S
Since the  s p i n - o r b i t  i n t e r a c t i o n  o p e r a t o r  H has s i n g u l a r i t y  
near  n u c le i  (one o rd e r  h ig h e r  s i n g u l a r i t y  than  the  p o t e n t i a l  
s i n g u l a r i t y ) ,  i t  i s  h ig h ly  d e s i r a b l e  to  make i t  smooth w i th in  the  
core reg ion  by the  p se u d o p o te n t i a l  formal ism.  In Appendix B, i t  
i s  shown t h a t  th e  p s e u d o - s p i n - o r b i t  i n t e r a c t i o n  can be exp ressed  as 
a summation o f  a tomic  p s e u d o - s p i n - o r b i t  i n t e r a c t i o n s ,  which can be 
w r i t t e n  as
J !  M
. ( c - i )  
*  t  ^ ,
S iHere H i s  the  a tmoic  s p i n - o r b i t  i n t e r a c t i o n  and > i s  the 
}l r  1 tja
Wannier s t a t e  a s s o c i a t e d  w i th  the  atomic s i t e  R . The Wannier 
s t a t e s  a ( r ) , which can be r ep laced  by the  atomic o r b i t a l s  in  
t i g h t  b ind ing  approximation ,  have the  p r o p e r ty  t h a t
where r i s  a c o n s t a n t  in  the  o rd e r  o f  co re  r a d i u s ,  c
In o r d in a r y  c r y s t a l s ,  t h e r e  a re  rea so n ab ly  la rg e  number (M) 
of  core  s t a t e s  so t h a t  any f u n c t io n  l o c a l i z e d  in  the  co re  reg ion  can 
be w e l l  r e p re s e n te d  by them. T h e re fo re ,  any a r b i t r a r y  f u n c t io n  p ( r )  
can be decomposed i n t o  two f u n c t io n s  such t h a t
■ 3k
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<J> t j )  =• t £  ) + f t * )  (0 2 )
where
M r *
4>c c O =  L  b-kjj. t £ ) ) C L ^ t v ' )  cf»c c.jr'j A 3 )- '
~ k. J (C-3)
(C-4)
and a l s o
t e c r  >
M f  
-  2 .  G u ^ r ;  j  a*,* t o  h J, t o  <fe t< p  A3r
( 0 5 )
I f  we apply  th e  atomic p s e u d o - s p i n - o r b i t  i n t e r a c t i o n  o p e r a t o r  (C-l)  
to  <p(jO, we o b t a i n
- £  I H > r ) Z  a /Jk O ' )
* j  ft/* <!’> C f t p  + fc p ) iV -r ia^ cx )
* J o / *  t r ) H /  o '5 C f t p  + f  c p  3 A3 |
H/* <■£> f t p  + H^Cp f c  f ) -  £  |  H ^ lp ftr )  t  HjUjP f c p )
(c-6)
The l a s t  r e s u l t  implies  t h a t  the p s e u d o - s p in -o r b i t  i n t e r a c t i o n  i s  
c a n ce l led  ou t  in the region r -  R is: r  .
APPENDIX D
A GENERAL FORM OF HERMIT!AN PSEUDO-HAMILTONIAN
We a t tempt  to  g e n e r a l i z e  the argument made in Chapter I) to  
o b ta in  a Hermitian  pseudo-Hamiltonian which has more genera l  form 
and t h e r e f o r e  permits  more freedom in s e l e c t i n g  param eters .
Ins tead  o f  d e f in in g  P^ and Q, as in (2 .3 )  and ( 2 .4 ) ,  l e t  us 
d e f in e  P , and Q as
To make Q, Hermit ian ,  we r e q u i re  t h a t  the  c o e f f i c i e n t s  s a t i s f y
(D-l)
(D-2)
9 t t ‘ = 9t ' t  *
I f  we cons ide r  the  s o lu t i o n  of
[  H °  -*■ H s +  Q ) [ § > >  =  E | 4  > (»-3)
with  the  r e p r e s e n ta t i o n
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we o b ta in
2  [  ( E * - £ ) » < *  +  £  I >
t=A *'» 1 (D-5)
+  2  ( . E » - E ) ^  l ^ « >  =  0
v>a±
or
C E „ - E ) B n = 0  -for Y i = l J . - > »o
* (D-6)
M
C E f c - E ) « i k + 3 * * '  * *  = 0
"foV t =  l / “ < M (D“ 7)
From (D—7)» we f in d  t h a t ,  i f  a t ( t = l ,  . . . ,  M) a r e  no t  a l l  z e r o ,  gt t , 
should  s a t i s f y
dtejt | Q E * -  E ) |= 0  (d-8)
In o t h e r  words, one o f  the  e ig en v a lu e s  o f  t h i s  M“dimensional  s e c u l a r  
e q u a t io n  should  c o in c id e  with  the  energy  e ig en v a lu e  E we a re  looking 
f o r .  I f  we s e t  gt t , = 9t t ^ t t l ’ ^  rec*uces to  t *1e r e s u l t  we o b ta in ed  
in  Chapter  I I :
=  E -  E*c
The c o e f f i c i e n t s  a t  a r e  no t  independent  one ano ther  but determined 
by (D -7 ) . However the  r a t i o  between £n and any one o f  remains 
a r b i t r a r y .
In a c t u a l  c a l c u l a t i o n ,  i t  i s  a lmost  im poss ib le  to  ex p e c t  t h a t
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^ t t 1 ^ave such values  t h a t  (D-8) is  s a t i s f i e d  with a c tu a l  e igenva lues  
E. In most of  the cases ,  however, i t  i s  good enough to  have the  
values  of  g , such t h a t  the  M e igenva lues  of  (0-8) a re  densely  
d i s t r i b u t e d  over  a range o f  energy in which the  energy values  
sought are  l o c a t e d .  The range o f  e igenva lue  d i s t r i b u t i o n  becomes 
wider  as we change the  values  f o r  from
-  C E -  E J tc ) h t '
which would give us a s in g l e  M-fold degenera te  e igenva lue  f o r  (D-8).  
This  kind of  d e p a r tu re  from the  pseudo-Hamiltonian given in  Chapter
II i s  d e s i r a b l e  because we need to  o b ta in  a number o f  energy 
l e v e l s  by d ia g o n a l iz in g  a s in g l e  Hamiltonian m a t r ix .
S t a r t i n g  from t h i s  g en e ra l i z e d  pseudo-Hamiltonian,  we can a lso  
o b ta in  the param etr ized  form o f  pseudo-Hamiltonian given in Chapter
I II  by fo l lowing s im i l a r  procedure  o f  r e d u c t io n .  The p r o p e r t i e s
o f  t h i s  pseudo-Hamiltonian,  which can be a s u b j e c t  o f  more d e t a i l e d  
s tudy ,  a re  expected to be much the same as the  usual  pseudo- - 
Hamiltonian given in Chapter I I .
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